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Abstract. The optimality conditions of a nonlinear second-order cone program can be
reformulated as a nonsmooth system of equations using a projection mapping. This allows
the application of nonsmooth Newton methods for the solution of the nonlinear second-
order cone program. Conditions for the local quadratic convergence of these nonsmooth
Newton methods are investigated. Related conditions are also given for the special case of
a linear second-order cone program. An interesting and important feature of these condi-
tions is that they do not require strict complementarity of the solution.
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1 Introduction

We consider both the linear second-order cone program

min ¢fz st. Ar=0b, zeKk,

and the nonlinear second-order cone program
min f(z) st. Az =05, ek,

where f : R” — R is a twice continuously differentiable function, A € R™*"™ is a given
matrix, b € R™ and ¢ € R™ are given vectors, and

K::]Clx...xlcr

is a Cartesian product of second-order cones K; C R",nqy + --- 4+ n, = n. Recall that the
second-order cone (or ice-cream cone or Lorentz cone) of dimension n; is defined by

’Cz‘ = {Zi = (Zl‘o,gi) c R x Rni_l ’ Zi0 Z ||ZLH},

where | - || denotes the Euclidean norm. Observe the special notation that is used in the
definition of KC; and that will be applied throughout this manuscript: For a given vector
z € R’ for some £ > 1, we write z = (29, Z), where z is the first component of the vector
z, and Z consists of the remaining ¢ — 1 components of z.

The linear second-order cone program has been investigated in many previous works,
and we refer the interested reader to the two survey papers [16, 1] and the books [2, 4]
for many important applications and theoretical properties. Software for the solution of
linear second-order cone programs is also available, see, for example, [15, 24, 20, 23]. In
many cases, the linear second-order cone program is viewed as a special case of a (linear)
semidefinite program (see [1] for a suitable reformulation). However, we feel that the
second-order cone program should be treated directly since the reformulation of a second-
order cone constraint as a semidefinite constraint increases the dimension of the problem
significantly and, therefore, decreases the efficiency of any solver. In fact, many solvers for
semidefinite programs (see, for example, the list given on Helmberg’s homepage [13]) are
able to deal with second-order cone constraints separately.

The treatment of the nonlinear second-order cone program is much more recent, and,
in the moment, the number of publications is rather limited, see [3, 5, 6, 7, 8, 11, 12, 14,
21, 22, 25]. These papers deal with different topics; some of them investigate different
kinds of solution methods (interior-point methods, smoothing methods, SQP-type meth-
ods, or methods based on unconstrained optimization), while some of them consider certain
theoretical properties or suitable reformulations of the second-order cone program.

The method of choice for the solution of (at least) the linear second-order cone program
is currently an interior-point method. However, some recent preliminary tests indicate that
the class of smoothing or semismooth methods is sometimes superior to the class of interior-
point methods, especially for nonlinear problems, see [8, 12, 22]. On the other hand, the
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theoretical properties of interior-point methods are much better understood than those of
the smoothing and semismooth methods.

The aim of this paper is to provide some results which help to understand the the-
oretical properties of semismooth methods being applied to both linear and nonlinear
second-order cone programs. The investigation here is of local nature, and we provide
sufficient conditions for those methods to be locally quadratically convergent. An interest-
ing and important feature of those sufficient conditions is that they do not require strict
complementarity of the solution. This is an advantage compared to interior-point methods
where singular Jacobians occur if strict complementarity is not satisfied.

The paper is organized as follows: Section 2 states a number of preliminary results
for a projection mapping onto a second-order cone, which will later be used in order to
reformulate the optimality conditions of the second-order cone program as a system of
equations. Section 3 then investigates the nonlinear second-order cone program, whereas
its linear counterpart is discussed in Section 4. We close with some final remarks in
Section 5.

Most of our notation is standard. For a differentiable mapping GG : R — R™, we denote
by G'(z) € R™*™ the Jacobian of G at z. If G is locally Lipschitz continuous, the set

OpG(z) == {H e R™"| H" C Do 2P — 2, G(2Y) — H}

is nonempty and called the B-subdifferential of G at z, where Dz C R" denotes the
set of points at which G is differentiable. The convex hull 0G(z) := convOpG(z) is the
generalized Jacobian of Clarke [9]. We assume that the reader is familiar with the concepts
of (strongly) semismooth functions, and refer to [19, 18, 17, 10] for details.

2 Projection Mapping onto Second-Order Cone

Throughout this section, let K be the single second-order cone
K:={z=(20,2) e RxR"| 2 > |z||}.

In the subsequent sections, K will be the Cartesian product of second-order cones. The
results of this section will later be applied componentwise to each of the second-order cones
IC; in the Cartesian product.

Recall that the second-order cone K is self-dual, i.e. K* = K, where £* := {d €
R x R*|2Td > 0 Vz € K} denotes the dual cone of K, cf. [1, Lemma 1]. Hence the
following result holds, see, e.g., [11, Proposition 4.1].

Lemma 2.1 The following equivalence holds:
reKyeK,aTy=0 < x— Pc(r—y) =0,

where Pi(z) denotes the (Euclidean) projection of a vector z on K.
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An explicit representation of the projection Pi(z) is given in the following result, see [11,
Proposition 3.3].

Lemma 2.2 For any given z = (29, 2) € R X R", we have
Pi(z) = max{0, A\, JuM + max{0, Ay }u®,

where A\, s are the spectral values and v, u® are the spectral vectors of z, respectively,
given by

)\1 = 20— ”ZH, )\2 = %+ HZH,

1 1 1 1

5(_L> if 270, 5(4) if 270,
1zl 1=l

L0 u?
1 1 _ 171 _
5(—@) if z=0, 5(@) if 2=0,
where w is any vector in R™ with ||w|| = 1.

It is well-known that the projection mapping onto an arbitrary closed convex set is non-
expansive and hence is Lipschitz continuous. When the set is the second-order cone K, a
stronger smoothness property can be shown, see [12, Proposition 4.5].

Lemma 2.3 The projection mapping P is strongly semismooth.

We next characterize the points at which the projection mapping Py is differentiable.
Lemma 2.4 The projection mapping Px is differentiable at a point z = (29, 2) € RxR" if
and only if zo # £||Z|| holds. In fact, the projection mapping is continuously differentiable
at every z such that zo # £||Z||.

Proof. The statement can be derived directly from the representation of P (z) given in
Lemma 2.2. Alternatively, it can be derived as a special case of more general results stated
in [7], see, in particular, Propositions 4 and 5 in that reference. O

We next calculate the Jacobian of the projection mapping Py at a point where it is differ-
entiable.

Lemma 2.5 The Jacobian of Pc at a point z = (zp,2) € R x R™ with zy # %||Z|| is given

by
0 i 20 <~ .
Ii1, if zo > +||2]|,
P/C(Z): 1+11 o7 | 0 ) H “ )
(0 %) o -lel < <4l



where _
z

(Note that the denominator is automatically nonzero in this case.)

w =

- Z H-= (ﬁﬂ)Jn—Z—_‘)mT.
12 |12]]

&l

Proof. First assume that z # 0 holds.

Consider the case zy < —||Z||. This implies not only zq + ||Z|| < 0 but also 2o — ||Z]| < 0.
Therefore, in view of Lemma 2.2, it follows that Px is the zero mapping in a neighborhood
of the given point z. Hence the Jacobian at z is the zero matrix.

Next consider the case zy > +||Z||. Then z belongs to the interior of the cone K and,
therefore, Py is the identity mapping in a small neighborhood of z (this can also be verified
by direct calculation using Lemma 2.2 once again). Hence the Jacobian at z is the identity
matrix.

Now let 2o € (—||2]|, +||Z|]). Then zy + ||Z|| > 0 and 2y — ||z]] < 0. Consequently, using
Lemma 2.2 again, we have (locally)

Gl ().

0(z) = H

P]C(Z) =

DN | —

Let us write

Since z # 0, it is easy to see that 6 is differentiable at z with Jacobian

1 1
(5 — Alv = 5T )
0@ = (10— 57)

Hence we obtain

Px(z) = %(20‘|r I21)) ( 8 9/?) > +% ( % ) (1’%)
1
2
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o
+
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-
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o
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ﬂNI x |N|
=l == s
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which is precisely the statement in this case.

Finally, let us consider the case where z = 0. Then the statement is a special case of
[11, Proposition 5.2]. However, since Py is continuously differentiable at (zg,0) for any
20 # 0 by Lemma 2.4, the Jacobian at (2o, Z) can also be derived by taking a limit of a
sequence {2*} = {(z¥, 2¥)} converging to 2z = (20,0) and satisfying z* # 0. O



Based on the previous results, we are now in a position to give an expression for the ele-
ments of the B-subdifferential dpPc(z) at an arbitary point z. A similar representation of
the elements of the Clarke generalized Jacobian 0P(z) is given in [12, Proposition 4.8],
without discussion on conditions for the nonsingularity of those matrices. Here we prefer
to deal with the smaller set Op P (z) since this will simplify our subsequent analysis to give
sufficient conditions for the nonsingularity of all elements in dpPc(z). In fact, the non-
singularity of all elements of the B-subdifferential usually hold under weaker assumptions
than the nonsingularity of all elements of the corresponding Clarke generalized Jacobian.

Lemma 2.6 Given a general point z = (z9,2) € R x R", each element V € OpPx(z) has
the following representation:

(a) If zo # %||Z||, then Px is continuously differentiable at z and V = Py(z) with the
Jacobian Pi-(z) given in Lemma 2.5.

(b) If Z# 0 and zy = +||Z|, then

1/ 1 «”
VG{In+1>§(w H)}’

where W = ”—;‘ and H := 21,, — ww™.

(¢c) If 20 and zy = —||Z||, then

1/ 1 wf
veloz (W )}

and H := ww?.

o

where w = E

(d) If Zz=0 and zp = 0, then either V=0 or V = I,11 or V belongs to the set

N

1/ 1 oF B )
{5 ( o H ) ‘H: (wo + 1)1, — woww” for some |wo| < 1 and ||| = 1},

Proof. Throughout the proof, we denote by D the set of points where the mapping Py
is differentiable. Recall that this set is characterized in Lemma 2.4.

(a) Under the stated assumptions on (2o, z), it follows from Lemma 2.4 that Py is continu-
ously differentiable at z. Hence the B-subdifferential consists of one element only, namely
the Jacobian Py(z). This observation gives the first statement.

(b) Let z # 0 and z = +||z||]. Furthermore, let {z*} C D be an arbitrary sequence
converging to z. Writing zF = (2§, 2F), we can assume without loss of generality that, for

each k € N, we have either —||z%|| < 2§ < ||2%]] or 2§ > ||Z¥|. If 2§ > ||z*|| for all k € N,
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we have Pp(z*) = I,4; by Lemma 2.5 and, therefore, P{-(2*) — I,,,; as k — oco. On the
other hand, if —||z*|| < z& < ||2*|| for all k¥ € N, Lemma 2.5 shows that

rer- (5 )

for all k£ € N, where

=k k
k Z 23
w" = —— and H:= ( 1>I — w
125 [Edl [[2*]

Taking the limit £ — oo, we therefore obtain

11 o . Z .
Pr(2F) — 5 ( o H ) with @ := BTk H :=2I, —ww’.
Finally, if the sequence {z*} is such that z& > ||z¥|| for some k € N and —||2%|| < 25 < ||Z¥||
for the remaining k£ € N, we do not get any other limiting elements for Py(2").

(c) Let z # 0 and zy = —||z||. Moreover, let {z*} C D be any sequence converging to z.
Writing 2% = (2§, 2¥) for each k € N, we may assurne without loss of generality that, for
each k € N, we have either 2} < Hz"“‘H or —||z%]| < 2% < ||z¥||. By the same reason as in
the proof of part (b), it suffices to consider the two cases: (i) 2§ < —||z¥|| for all k € N,
and (ii) —||z*|| < z& < ||z¥|| for all k € N. In the former case, it follows from Lemma 2.5

that P{(zF) = 0 for all ¥ € N, hence P{(2*) — 0 as k — oo. In the latter case, it also

follows from Lemma 2.5 that
1L/ 1 (™7
/ ky _ —
with @*, Hj, given by (1). Taking the limit k — oo gives
1/ 1 o z
/(LK - : hoe— N A
P,C(z)ﬁ2<w H) with w : H = wow'.
(d) Let z = 0 and zy = 0. Let {zF} = {(24,2%)} C D be any sequence converging to
z = (20,2Z) = (0,0). Then there are three possibilities: (i) 25 < —||z¥||, in which case we

have P{-(z*) = 0 by Lemma 2.5, (ii) 2§ > ||2*||, in which case we have P{(z*) = I,,;; by
Lemma 2.5, and (iii) —||z*|] < 2& < ||z"¥]|, in which case we have

=44 4 )

with w*, H}, given by (1), again by Lemma 2.5. Taking the limit (possibly on a subsequence)
in each of these cases, we have either Pg(2*) — 0 or P/ () — I,,1; or

L 1 /1 " . _ 7
P,C(z)ﬁé o H with H = (wo + 1)1, — woww
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for some vector w = (wy, w) satisfying |wy| < 1 and ||w|| = 1. This completes the proof. [

We can summarize Lemma 2.6 as follows: Any element V' € dpP(2) is equal to

1/1 o
V=0 o V=1I,, or V:§<w H) (2)
for some vector w € R™ with ||w|| = 1 and some matrix H € R"*" of the form H =

(1+ a)l, — cww” with some scalar a € R satisfying || < 1. Specifically, in statements
(a)—(c) we have w = z/||Z||, whereas in statement (d), w can be any vector of length one.
Moreover, we have a = z/[|Z|| in statement (a), & = 1 in statement (b), @« = —1 in
statement (c), whereas there is no further specification of « in statement (d) (here the two
simple cases V =0 and V = I,,;; are always excluded).

The eigenvalues of any matrix V' € dpPx(z) can be given explicitly, as shown in the
following result.

Lemma 2.7 Let z = (20,2) € RXR" and V € 0gPx(z). Assume that V & {0, 1,.1} so
that V' has the third representation in (2) with H = (1 + «)I,, — aww’ for some scalar
a € [—1,+1] and some vector w € R™ satisfying |w|| = 1. Then V has the two single
eigenvalues A = 0 and A = 1 as well as the eigenvalue A = %(a + 1) with multiplicity
n — 1 (unless « = £1, where the multiplicities change in an obvious way). Moreover, the
corresponding eigenvectors of V' are given by

(_1>, (1>, and (0 >,j:1,...,n—1,
w w ;

where Uy, . .., U, are arbitrary vectors that span the linear subspace {v € R™ | 97w = 0}.

Proof. By assumption, we have

1/ 1 w” . __p
V_ﬁ(w H) with H = (1+ «a)l, — aww
for some a € [—1, +1] and some vector w satisfying ||w|| = 1. Now take an arbitrary vector

v € R" orthogonal to w, and let u = (0,7)T. Then an elementary calculation shows that
Vu = Au holds for A = (a+1). Hence this X is an eigenvalue of V with multiplicity n — 1
since we can choose n — 1 linearly independent vectors o € R" such that 97w = 0. On the
other hand, if A = 0, it is easy to see that Vu = Au holds with u = (—1,w”?)?, whereas for
A =1 we have Vu = \u by taking u = (1,%w”)?. This completes the proof. O

Note that Lemma 2.7 particularly implies A € [0, 1] for all eigenvalues A of V. This
fact can alternatively be derived from the fact that Py is a projection mapping, without
referring to the explicit representation of V' as given in Lemma 2.6.
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We close this section by pointing out an interesting relation between the matrix V &
OpPx(z) and the so-called arrow matrix

=T
Arw(z) := S e R(H1)x(nt1)
zZ Z[)In

associated with z = (zg,2) € R x R™, which frequently occurs in the context of interior-
point methods and in the analysis of second-order cone problems, see, e.g., [1]. To this
end, consider the case where Py is differentiable at z, excluding the two trivial cases where
Pi(z) =0 and Pyg(z) = I41, cf. Lemma 2.5. Then by Lemma 2.7, the eigenvectors of the
matrix V = Py(z) are given by

(1) (3)m ()mtmn o

where ¥y, ..., 7, 1 comprise an orthogonal basis of the linear subspace {v € R" |97z = 0}.
However, an elementary calculation shows that these are also the eigenvectors of the arrow
matrix Arw(z), with corresponding single eigenvalues \; = zo — ||Z||, A2 = 20 + ||Z]| and
the multiple eigenvalues \; = z9, © = 3,...,n + 1. Therefore, although the eigenvalues of
V = P{(z) and Arw(z) are different, both matrices have the same set of eigenvectors.

3 Nonlinear Second-Order Cone Programs

In this section, we consider the nonlinear second-order cone program (nonlinear SOCP for
short)
min f(z) st. Az =05, z ek,

where f : R” — R is a twice continuously differentiable function, A € R™*" is a given
matrix, b € R™ is a given vector, and K = K; x --- x K, is the Cartesian product of
second-order cones C; € R™ with ny +---+n, = n. Here we are particularly interested in
the case where the objective function f is nonlinear. The special case where f is a linear
function will be discussed in more detail in the subsequent section.

Under certain conditions like convexity of f and a Slater-type constraint qualification
[4], solving the nonlinear SOCP is equivalent to solving the corresponding KKT conditions,
which can be written as follows:

Vi) —ATu—x = 0,
Ax = b,
r; €Ki, N €K, {L‘lT/\l =0 :=1,...,7

Using Lemma 2.1, it follows that these KKT conditions are equivalent to the system of

10



equations M (z) = 0, where M : R" x R™ x R" — R" x R™ x R" is defined by

Vf(x)— ATpu— X
Ar —b
M(z) = M(z, 1, \) = | 21— Pe(zi—M) |, (4)

. — P, (x, — \p)
Then we can apply the nonsmooth Newton method [18, 19, 17]
U=k o WIIM(Y), W € 0sM(2Y), k=0,1,2,..., (5)

to the system of equations M(z) = 0 in order to solve the nonlinear SOCP or, at least, the
corresponding KKT conditions. Our aim is to show fast local convergence of this iterative
method. In view of the results in [19, 18], we have to guarantee that, on one hand, the
mapping M, though not differentiable everywhere, is still sufficiently ‘smooth’; and, on the
other hand, it satisfies a local nonsingularity condition under suitable assumptions.

The required smoothness property of M is summarized in the following result.

Theorem 3.1 The mapping M defined by (4) is semismooth. Moreover, if the Hessian
V2f is locally Lipschitz continuous, then the mapping M is strongly semismooth.

Proof. Note that a continuously differentiable mapping is semismooth. Moreover, if the
Jacobian of a differentiable mapping is locally Lipschitz continuous, then this mapping is
strongly semismooth. Now Lemma 2.3 and the fact that a given mapping is (strongly)
semismooth if and only if all component functions are (strongly) semismooth yield the
desired result. U

Our next step is to provide suitable conditions which guarantee the nonsingularity of all
elements of the B-subdifferential of M at a KKT point. This requires some more work,
and we begin with the following general result.

Proposition 3.2 Let H € R™" be symmetric, and A € R™™. Let V¢, V? € R™" be two
symmetric positive semidefinite matrices such that their sum V® + V? is positive definite
and V* and V® have a common basis of eigenvectors, so that there exist an orthogonal
matriz Q € R™™ and diagonal matrices D* = diag(al, e ,an) and D¥ = diag(bl, ey bn)
satisfying V* = QD*QT,V* = QD*Q" as well as a; > 0,b; > 0 and a; + b; > 0 for all
j=1,...,n. Let the index set {1,...,n} be partitioned as {1,...,n} = aUBU~, where

o = {j\aj>0,bj:0},
B = {jla; >0,b; > 0},
vy o= {j\aj:(),bj>0},
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and let Qq,Qp, and Q) denote the submatrices of () consisting of the columns from Q
corresponding to the index sets o, 3, and -y, respectively. Assume that the following two
conditions hold:

(a) The matrix H is positive semidefinite on the subspace S, = {d € R"|Ad = 0,
QLd = 0}, and positive definite on the subspace S, 5 := {d € R"| Ad =0, QTd = 0,
Qhd =0} =8, N{deR"|Q%d =0}

(b) The matriz (AQg, AQW) has full row rank.

Then the matrix

H —A" -1
we=[4 0 0
ve 0V

18 nonsingular.

Proof. Lety = (y1,y®,y®) € R* x R™ x R" be any vector such that Wy = 0. Then

HyW — ATy — @ = o, (6)
Ay =0, (7)
VeyW 4 vhy® = . (8)

Using the spectral decompositions of V¢ and V', equation (8) can be rewritten as
DM 4+ DB =0 with ¢V = QTyW, §® .= QTy®.
In view of the definitions of the index sets «, 3, and ~, this implies
gV =0, §® =0, and D3y + D4y =o0. 9)
This shows that
. . ~(\T ~(3 (1 1 e ~(1
(y")Ty® = (yNTQQTY® = (V) 5™ = g\ 755 = —(5)" (D) "' Dzl
Therefore, premultiplying (6) by (y™)7, we obtain from (7) that
~(1 —1 e ~(1
(YT HyW = (y)Ty® = (58T (DY) " Dag <o, (10)

and the inequality is strict whenever gg” # 0. However, in view of (7) and 0 = g((ll) =
QTyM cf. (9), we obtain from the positive semidefiniteness of H on the subspace S, that
gjg) =0, ie., ng(l) = 0. This in turn gives gg)’) =0 by (9). Using (10) and the fact that
y € 8,5, we then obtain y) = 0 from the assumed positive definiteness of H on the
subspace S, 5. Now premultiplying (6) by Q7 and writing down the corresponding block

equations for the 8 and ~ blocks, we obtain from y™ = 0, g]/(;’) =0, and g;?) = 0 that

QEATy@) =0 and QzATy@) =0.
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Hence y® = 0 follows from Assumption (b). Finally, by (6), we have y® = 0. O

In order to apply Proposition 3.2 to the (generalized) Jacobian of the mapping M at a
KKT point, we first introduce some more notation:

inthkC;, = {xz ‘ Tig > ||:I:Z||} denotes the interior of IC;,
bdK; = {z;|zi=|Z;]|} denotes the boundary of K;, and
bd"K; := bdK;\ {0} is the boundary of IC; excluding the origin.

We also call a KKT point z* = (z*, u*, \*) of the nonlinear SOCP strictly complementary
it 27 + A7 € intK; holds for all block components ¢ = 1,...,r. This notation enables us to
restate the following result from [1].

Lemma 3.3 Let z* = (a*, u*, \*) be a KKT point of the nonlinear SOCP. Then precisely

one of the following sixz cases holds for each block pair (x;, ), i =1,...,7r:
x; A SC
rreintk;  Af=0 yes
xf =0 AF e intk; | yes
;€ bd"K; A € bdTK; | yes
zi €bd™; A =0 no
z; =0 Af € bd*K; | no
x; =0 AF=0 no

The last column in the table indicates whether or not strict complementarity (SC) holds.

We also need the following simple result which, in particular, shows that the projection
mapping Py, involved in the definition of the mapping M is continuously differentiable at
s; = x; — A} for any block component i satisfying strict complementarity.

Lemma 3.4 Let z* = (z*, u*, \*) be a KKT point of the nonlinear SOCP. Then the fol-

lowing statements hold for each block pair (x}, \}):

(a) If ¥ € intkC; and \f = 0, then Py, is continuously differentiable at s; := xf — A\ with

(b) If 7 =0 and A} € intkC;, then Py, is continuously differentiable at s; := xf — X! with

(¢c) If xf € bdTK; and \; € bd™K;, then P, is continuously differentiable at s; :== x;—\}.

Proof. (a) We have s; = xf — A\l = 27 € intK(;. Hence, locally around s;, the projection
mapping P, is the identity mapping, so that its Jacobian equals the identity matrix.
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(b) We have s; = 7 — Af = —\! with A7 € intK;. Hence, locally around s;, the projection
Px, maps everything onto the zero vector. This implies Py (s;) = 0.

(c) Write o} = (ay, T), Al = (A, Af). By assumption, we have x%, = [|z7]| # 0 and A}, =
|A%]| # 0. Let s; := ¥ —\f and write s; = (8;0,5;). In view of Lemma 2.4, it suffices to show
that s;o # £|5;]|. First suppose that s;o = ||5;||. Then x},— i, = ||zF — A}||. However, since
xf # 0 and \! # 0, it follows from [1, Lemma 15] that there is a constant o > 0 such that

Mo = azx}, and X = —az?. Consequently, we obtain (1 —a)xk, = (14+a)||Z|| = (1+a)x,
which implies a = 0, a contradiction to o > 0. In a similar way, one gets a contradiction
for the case s;o = —||5]|- O

We are now almost in a position to apply Proposition 3.2 to the Jacobian of the mapping
M at a KKT point z* = (z*, u*, \*) provided that this KKT point satisfies strict com-
plementarity. This strict complementarity assumption will be removed later, but for the
moment it is quite convenient to assume this condition. For example, it then follows from
Lemma 3.3 that the three index sets

Jro= {i ’ r} € intk;, A\f = 0},
Jp = {i]a} € bd"K;, Af € bd"K;}, (11)
Jo = {i|zf =0\ € intk;}

form a partition of the block indices ¢ = 1,...,r. Here, the subscripts I, B and 0 indicate

whether the block component z; belongs to the interior of the cone K;, or x} belongs to
the boundary of K; (excluding the zero vector), or z} is the zero vector.

Let V; := P (7 — A7). Then Lemma 3.4 implies that
Vi=IVieJr and V;=0 Vie . (12)

To get a similar representation for indices ¢ € Jg, we need the spectral decompositions
V; = Q; D;QT of the matrices V;. Since strict complementarity holds, it follows from Lemma,
2.7 that each V; has precisely one eigenvalue equal to zero and precisely one eigenvalue equal
to one, whereas all other eigenvalues are strictly between zero and one. Without loss of
generality, we can assume that the eigenvalues of V; are ordered in such a way that

D; = diag(0,*,...,%,1) Vi€ Jg, (13)

where * denotes the remaining eigenvalues that lie in the open interval (0, 1). Correspond-
ingly we also partition the orthogonal matrices @Q); as

Qi = ((Iz‘, Qi, C];) Vi € Jp, (14)

where ¢; € R™ denotes the first column of @, ¢; € R™ is the last column of @;, and
Q; € R»*(m=2) contains the remaining n; — 2 middle columns of @Q;. We also use the
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following partitionings of the matrices @);:
Qi = (Qiu Qz) = (Quq;) Vi € Jp, (15)

where, again, ¢; € R" and ¢; € R™ are the first and the last columns of @);, respectively,
and Q; € R»*(=1Y and @, € R**(~1 contain the remaining n; — 1 columns of Q;. It is
worth noticing that, by (3), the vectors ¢; and ¢} are actually given by

1 —1 1 1
q¢=§< TN > and QQ=§< X )
7 =X ;X1

(Note that we have 77 — A7 # 0 since 277\ = 0,2 € bd"K;, A\f € bd"K; [1, Lemma 15].)

)

>l

We are now able to prove the following nonsingularity result under the assumption that
the given KKT point satisfies strict complementarity.

Theorem 3.5 Let z* = (x*, u*, \*) be a strictly complementary KKT point of the nonlin-
ear SOCP and let the (block) index sets Jy, Jg, Jo be defined by (11). Assume the following

conditions:

(a) The Hessian V2 f(x*) is positive semidefinite on the subspace S := {d € R | Ad =0,
d; = 0Vi € Jy, q¢fd; = 0Vi € JB}, and positive definite on the subspace S = {d €
R"|Ad =0, d; = 0Vi € Jy, QTd; =0Vi € Jp} = SN {d e R"|QTd; = 0Vi € Jz},
where a vector d € R™ is partitioned into d = (dy,...,d.)T with block components

d; € R™.

(b) The matriz (A;(i € J;), A;Qi(i € Jg)) has linearly independent rows, where A; is
the submatriz of A consisting of those columns which correspond to the block index 1.

Then the Jacobian M'(z*) exists and is nonsingular.

Proof. The existence of the Jacobian M’(z*) follows immediately from the assumed strict
complementarity of the given KKT point together with Lemma 3.4. A simple calculation
shows that
Vif(z*) —AT —I
M'(z*) = A 0 0
I-Vv 0 V
for the block diagonal matrix V' = diag(Vi,...,V,) with V; = P¢ (7 — A}). Therefore,
taking into account that all eigenvalues of the matrix V' belong to the interval [0, 1] by

Lemma 2.7, we are able to apply Proposition 3.2 (with V@ := I —V and V' := V) as soon
as we have identified the index sets o, 5,7 C {1,...,n}.

For each i € Jr, we have V; = I (see (12)) and, therefore, Q); = I and D; = I. Hence
all components j from the block components ¢ € J; belong to the index set ~.
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On the other hand, for each i € Jy, we have V; = 0 (see (12)), and this corresponds to
@; = I and D; = 0. Hence all components j from the block components i € J, belong to
the index set a.

Finally, let i € Jg. Then V; = Q;D;QT with D; = diag(0,%*,...,%,1) and Q; =
(i, Qi ¢;). Hence the first component for each block index ¢ € Jp is an element of the
index set «, the last component for each block index ¢ € Jg belongs to the index set 7,
and all the remaining middle components belong to the index set .

Taking these considerations into account, we immediately see that our assumptions (a)
and (b) correspond precisely to the assumptions (a) and (b) in Proposition 3.2. O

We now want to extend Theorem 3.5 to the case where strict complementarity is violated.
Let z* = (x*, u*, A*) be an arbitary KKT point of the nonlinear SOCP, and let J;, Jg, Jo
denote the index sets defined by (11). In view of Lemma 3.3, in addition to these sets, we
also need to consider the three index sets

Jpo = {i|a} € bd"IC;, A} =0},
Jop = {i|a} =0, € bd"K;}, (16)
JO() = {Z | .I':( = O, )\:( = O},

which correspond to the block indices where strict complementarity is violated. Note
that these index sets have double subscripts; the first (resp. second) subscript indicates
whether x} (resp. A7) is on the boundary of IC; (excluding zero) or equal to the zero vector.
The following result summarizes the structure of the matrices V; € dpPy,(xf — Af) for
1 € Jpo U Jop U Jyo. Hence it is a counterpart of Lemma 3.4 in the general case.

Lemma 3.6 Leti € JgoUJopUJy and V; € OpPx,(xf—\}). Then the following statements
hold:

(a) If i € Jpo, then we have either V; = I,,1q or V; = Q:D;QT with D; = diag(0,1,...,1)
and Q; = (Qia Qi)-

(b) If i € Jop, then we have either V; = 0 or V; = Q;D;QF with D; = diag(0,...,0,1)
and Q; = (Qi, q)-

(c) If i € Joo, then we have V; = I,,,1 or V; =0 or V; = Q;D;QT with D, and Q); given
by (13) and (14), respectively, or by D; = diag(0,1,...,1) and Q; = (¢;, Qs), or by
D; = diag(0,...,0,1) and Q; = (Q:,q.).

Proof. First let ¢ € Jpy. Then s; := x] — A\ = 2] € bdKC;. Therefore, if we write
si = (80, S;), it follows that s;o = ||S;|| and s; # 0. Statement (a) then follows immediately
from Lemma 2.6 (b) in combination with Lemma 2.7.

In a similar way, the other two statements can be derived by using Lemma 2.6 (c¢) and
(d), respectively, together with Lemma 2.7 in order to get the eigenvalues. Here the five
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possible choices in statement (c¢) depend, in particular, on the value of the scalar wy in
Lemma 2.6 (d) (namely wy € (—1,1),wp = 1, and wy = —1). O

The previous result enables us to generalize Theorem 3.5 to the case where strict com-
plementarity does not hold. Note that, from now on, we use the spectral decompositions
V; = Q;D;QT and the associated partitionings (13)—(15) for all i € Jg, as well as those
specified in Lemma 3.6 for all indices ¢ € Jgg U Jog U Jyo.

Theorem 3.7 Let z* = (x*,u*, \*) be a (not necessarily strictly complementary) KKT
point of the nonlinear SOCP and let the (block) index sets Jy, Jg, Jo, Jpo, Jos, Joo be defined
by (11) and (16). Suppose that for any partitioning Jgy = Jpo U J3,, any partitioning
Jop = Jig U JZg, and any partitioning Joo = Jag U Ji U J3 U J5o U J5, the following two
conditions hold:

(a) The Hessian V2 f(z*) is positive semidefinite on the subspace

S = {deR"|Ad=0,
di=0 Vie JyUJgUJ,
gldi =0 Vi€ JgUJa,UJ3 U o,
Qfd; =0 Vi€ JjzUJy},

and positive definite on the subspace

S = {deR"|Ad=0,
di=0 Vi€ JJoUJigUJs,
¢/ di =0 Vie JpU g,
QFdi=0 Vie JpUJ3yUJiU s}
= SN{deR"|Qldi=0 Vie JpguJy}.

(b) The matriz
(A; (i € JrU Jpg U Jyy), AiQi (i € JpU Jpg U Jigy U Jgg), Asqi (i € I35 U JYy))
has linearly independent rows.

Then all matrices W € OgM (z*) are nonsingular.

Proof. Choose W € 0gM(z*) arbitrarily. Then a simple calculation shows that
Vif(x*) —AT —I
W = A 0 0
I1-V 0 V
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for a suitable block diagonal matrix V' = diag(Vy,...,V,) with V; € 0Py, (xf — A\f). In
principle, the proof is now similar to the one of Theorem 3.5: We want to apply Proposition
3.2 (with V@ := T —V and V® := V) by identifying the index sets «, 3,v. The situation
is, however, more complicated here, since these index sets may depend on the particular
element W chosen from the B-subdifferential dp M (2*). To this end, we take a closer look
especially at the new index sets Jpo, Jog, and Jyg. In view of Lemma 3.6, we further
partition these index sets into

JB0 Jho U J2,,
Jor = Jop U Jop,
Joo = Jog U U Ja U Joy U Jd
e Tho = (i1 Vi = Lo}y T = Joo\ Jho,
J&B = {Z ’ Vi= O}, JgB = Jop \ J(}B
and
J(}O = {Z ’ Vi= [n+1},
Joo = {ilVi=0},
J3 = {i|Vi = Q:D;QF with D; and Q; given by (13) and (14), respectively},
Joo = {i|Vi=Q:D;QF with D; = diag(0,1,...,1) and Q; = (q;, Q:)},
Jo = {i|V; = Q:D;QT with D; = diag(0,...,0,1) and Q; = (Qs, ¢))}.

Using these definitions and Lemmas 3.4 and 3.6, we see that the following indices j belong
to the index set o in Proposition 3.2:

e All indices j belonging to one of the block indices i € Jy U Jig U J&,, with Q; = T
being the corresponding orthogonal matrix.

e The first component belonging to a block index i € JgU J3,U Jiy U J5, with ¢; being
the first column of the corresponding orthogonal matrix ;.

e The first n; — 1 components belonging to each block index i € J2; U Jg,, with Q;
consisting of the first n; — 1 columns of the corresponding orthogonal matrix @);.

We next consider the index set 3 in Proposition 3.2. In view of Lemmas 3.4 and 3.6, the
following indices j belong to this set:

e All middle indices belonging to a block index i € Jp U J3,, with (Q); consisting of the
middle n; — 2 columns of the corresponding orthogonal matrix @);.

Using Lemmas 3.4 and 3.6 again, we finally see that the following indices 7 belong to the
index set «y in Proposition 3.2:
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e Allindices j belonging to one of the block indices i € J;UJp,UJgy- The corresponding
orthogonal matrix is Q; = I.

e The last index of each block index i € Jp U JZz U J3 U J§,, with ¢/ being the last
column of the corresponding orthogonal matrix @;.

e The last n; — 1 indices j belonging to a block index i € J3,U Jik, with Q; consisting
of the last n; — 1 columns of the corresponding orthogonal matrix @);.

From these observations, it follows that the condition Q1d = 0 is equivalent to

gid; = 0 Vi€ JpUJpUJ3 Uy,
Qld; = 0 Vie J2ZUlJy,.

Furthermore, the requirement di = 0 can be rewritten as
QTd; =0 VieJpgUJ,
Since Q; = (¢;, Q;) € R™*™~1the two conditions Q7d = 0 and Q5d = 0 together become

di = 0 VieJyUJygUJg,
gldi = 0 Vi€ Jg,U Jy,
QTd; = 0 VieJgUJzUJ3 U,

This shows that assumption (a) of this theorem coincides with the corresponding assump-
tion in Proposition 3.2.

In a similar way, we can verify the equivalence between assumption (b) in this theorem
and the corresponding condition in Proposition 3.2. In fact, the above identifications of
the index sets § and v show that the matrix (AQg, AQV) has linearly independent rows
if and only if the matrix

(AQi (i € JpUJ,), Aili € JIUTpUT,), Aid) (i € JpUJE5UT0UTS), AiQs (i € J3,UJgy))

has linearly independent rows. Since Q; = (Ql,qz’) e R»*(i—1 it is then easy to see
that this condition is equivalent to our assumption (b). Hence the assertion follows from
Proposition 3.2. U

Note that, in the case of a strictly complementary KKT point, Theorem 3.7 reduces to
Theorem 3.5. Using Theorems 3.1 and 3.7 along with [18], we get the following result.

Theorem 3.8 Let z* = (x*, u*, \*) be a (not necessarily strictly complementary) KKT
point of the nonlinear SOCP, and suppose that the assumptions of Theorem 3.7 hold at this
KKT point. Then the nonsmooth Newton method (5) applied to the system of equations
M(z) = 0 is locally superlinearly convergent. If, in addition, f has a locally Lipschitz
continuous Hessian, then it is locally quadratically convergent.
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4 Linear Second-Order Cone Programs

We consider the linear second-order cone program (linear SOCP for short)
min ¢’z st. Ar=0b, €K,

where A € R™" b € R™, and ¢ € R" are the given data, and K = Ky x --- x K, is the
Cartesian product of second-order cones IC; € R™ with ny + --- + n, = n. Clearly the
linear SOCP is a special case of the nonlinear SOCP discussed in the previous section. In

particular, we may rewrite the corresponding KKT conditions as a system of equations
My(z) = 0, where My : R" x R™ x R" — R" x R™ x R" is defined by

c— AT — )\
Ax —b
My(2) :== Mo(z, i, \) == | @1 — Pe(@ = A1) | (17)

Ly — PICT('TT - )\r)

An immediate consequence of Theorem 3.1 is the fact that the mapping M, is strongly
semismooth. On the other hand, Theorems 3.5 and 3.7 do not apply to the linear SOCP,
since the second-order conditions do not hold. We therefore need another suitable condition
that guarantees the required nonsingularity of the (generalized) Jacobian of M, at a KKT
point z* = (z*, u*, \*). Before presenting such a result, we follow the presentation of the
previous section and first state a general proposition.

Proposition 4.1 Let A € R™*". Let V2, V? € R™" be two symmetric positive semidef-
inite matrices such that their sum V¢ + V° is positive definite and V® and V® have a
common basis of eigenvectors, so that there exist an orthogonal matriz ¢Q € R™™ and
diagonal matrices D* = diag(al, . ,an), Db = diag(bl, . ,bn) satisfying V* = QD*Q7,
VP = QDQT and a; > 0,b; > 0, a; +b; > 0 for all j = 1,...,n. Let the index set
{1,...,n} be partitioned as {1,...,n} = a U U~y with

a = {j\aj >0,bj :O},
B = {jla; >0,b; > 0},
¥o= {j‘CLj :O,bj >0}
Assume that the following two conditions hold:
(a) The matriz AQ., has full column rank.
(b) The matriz (AQg, AQW) has full row rank.

Then the matrix

0 —-AT -1
Wy = A 0 0
ve 0 Vb

15 nonsingular.
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Proof. Lety= (y1,y®,y®) € R"xR™ xR" be an arbitrary vector such that Woy = 0.

Then
ATy® 448 =, (18)
Ay =0, (19)
Vay) 4 vhy@® = . (20)

Using the spectral decompositions of V' and V?, equation (20) can be rewritten as
DD £ D — 0 with 5O = QTyD, §® = Ty,
Taking into account the definitions of the index sets «, 3, and v, we obtain
gV =0, §¥ =0, and DIy + D4y =o0. (21)

Premultiplying (18) by Q7', using the definitions of ", §®, and writing down the resulting
equations componentwise for each block corresponding to the indices in «a;, 3, and ~, we get

QIATY® +5® = o, (22)
QL ATy +y}3) = 0, (23)
QT ATY® = 0. (24)

Furthermore, equation (19) can be written as

0= Ay™ = 4QQ"y"M = AQj™ = AQs3l + AQ, 5. (25)

Using the nonsingularity of the diagonal submatrices D, D%, we obtain from (21) and (23)
that

~(1 3

?/,é):—(Dg) 1Db () (Dﬂ) 1D5Q5AT

Substituting this expression for qﬁ in (25) yields
AQs(D) ' DRQEATY™ + AQ,3Y = 0.
Premultiplying by (y®)? and using (24), we have
(y*) " AQs(D5) ' D5 ATy = 0.

However, by the definition of the index set (3, the matrix (D%)~'D} is positive definite.
Consequently, we obtain

Q5ATY® =0. (26)
Then (23) implies yﬁ = 0, and (21) yield g N() = 0. This, in turn, gives AQ%@Q) =0

by (25). Assumption (a) then gives y( ) = 0. Furthermore (26) and (24) together with

assumption (b) yields y® = 0, which also implies 75 = 0 by (22). Thus we have §() = 0
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and §® = 0. Then it is easy to deduce that y = (yV,y®,y®) = (0,0,0), i.e., Wy is
nonsingular. U

We now come back to the linear SOCP. First consider the case where z* = (z*, u*, \*) is a
strictly complementary KKT point, and use the index sets J;, Jg, and Jy defined by (11)
in order to partition any given vector in R" in a suitable way. Let V; := P (27 — A)).
Similarly to the discussion in the previous section, we have

Vi=IVieJ, and V;=0 Vi€ J. (27)

Moreover, for each i € Jp, let V; = Q;D;QT be the spectral decomposition of the matrix
V;. For the matrices D; and Q;,i € Jp, we use the same decomposition as in (13)—(15).

Using this notation, we are now in a position to state the following nonsingularity
result which may be viewed as a counterpart of the corresponding result for interior-point
methods given in [1, Theorem 28]. Recall that A; denotes the submatrix of A consisting
of those columns which correspond to the block index 1.

Theorem 4.2 Let z* = (x*, u*, \*) be a strictly complementary KKT point of the linear
SOCP. Suppose further that the following conditions hold:

(a) The matriz (A; (i € J;), Asq) (i € Jp)) has linearly independent columns.

(b) The matriz (A; (i € J;), A;Q; (i € Jp)) has linearly independent rows.

Then the Jacobian M{(z*) exists and is nonsingular.

Proof. We have
0 AT T
M (z*) = A 0 0
-V 0 V
for a block diagonal matrix V' = diag(V4, ..., V;) with V; := Pt (zf — A}). Let V¢ :=1 -V
and V? := V. It then follows that V¢, VV* are both symmetric positive semidefinite with
a positive definite sum V* + V? and these two matrices obviously have a common basis
of eigenvectors. Hence we are in the situation of Proposition 4.1. In order to apply this
result, we need to take a closer look at the orthogonal matrix and the special structure of
the eigenvalues in the case that is currently under consideration.
We have
Ve=Q( - D)Q" and V®=QDQ"

with the block matrices

Q= diag(Ql,...,QT) and D := diag(Dl,...,Dr),
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where the orthogonal blocks @; are identity matrices for all indices i € J; U Jy, cf. (27),
whereas for all i € Jp, these orthogonal matrices are given by (14), or (15), and the
corresponding diagonal matrices D; are given by (13).

In order to apply Proposition 4.1, we need to identify the index sets 3 and ~. From
(27) and (13), we see that the following indices comprise the index set (3:

e all middle indices j belonging to a block index ¢ € Jg, with Qi consisting of the
middle n; — 2 columns of the corresponding orthogonal matrix @);.

Similarly, we see that the following indices comprise the index set :

e all indices j belonging to a block index @ € Jy, with (); = I being the corresponding
orthogonal matrix.

e the last component j of each block index i € Jp, with ¢} being the last column of the
corresponding orthogonal matrix @);.

Using these identifications, it is easy to see that assumptions (a) and (b) in Proposition

4.1 are identical to the two conditions in this theorem. Consequently the assertion follows
from Proposition 4.1. O

We next generalize Theorem 4.2 to the case where strict complementarity is not satis-
fied. In addition to J;, Jg, Jo, we use the index sets Jgo, Jog, Joo defined by (16).

Theorem 4.3 Let z* = (x*,u*, \*) be a (not necessarily strictly complementary) KKT
point of the linear SOCP. Suppose that for any partitioning Jpo = Jpo U J3,, any subset
Jip C Jog, and any mutually disjoint subsets Jly, Jo, Joos Joo © Joo, the following two
conditions hold:

(a) The matriz

has linearly independent columns.
(b) The matriz
(Ai (i € JTU Ty U Jg), AiQi (i € JpU Jjg U Jig U Jgg), Al (i € Jop U J))

has linearly independent rows.

Then all matrices Wy € 0gMy(z*) are nonsingular.
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Proof. Choose Wy € 0pMy(z*) arbitrarily. Then
0 AT T

for a block diagonal matrix V' = diag(V4,...,V;) with V; € 9g Py, (z; — A;). Following the
proof of Theorem 4.2, we define V* := I —V and V'’ := V and see that these two matrices
satisfy the assumptions of Proposition 4.1. Similarly to the proof of Theorem 4.2, we also
have

Ve=Q( - D)Q" and V’=QDQ"

with the block matrices

Q= diag(Ql,...,QT) and D := diag(Dl,...,DT).

Then we need to identify the index sets «a, 3 and ~ in Proposition 4.1. To this end, we
follow the proof of Theorem 3.7 and partition the index sets Jpgg, Jog, and Jyo further into
certain subsets in a similar manner. Then, as in the proof of Theorem 3.7, we are able
to show which indices j belong to the sets «, 3, and . Moreover, it is not difficult to
see that the two assumptions (a) and (b) in this theorem correspond precisely to the two
requirements (a) and (b) in Proposition 4.1. We leave the details to the reader (note that
assumption (b) coincides with the corresponding assumption in Theorem 3.7, so there is
nothing to verify for this part). O

Note that a corresponding result for interior-point methods does not hold since the Jacobian
matrices arising in that context are singular whenever strict complementarity does not hold.

As a consequence of Theorem 4.3 and [19], we obtain the following theorem.

Theorem 4.4 Let z* = (x*,u*, \*) be a (not necessarily strictly complementary) KKT
point of the linear SOCP, and suppose that the assumptions of Theorem 4.3 hold at this
KKT point. Then the nonsmooth Newton method zF+1 = 28 — W' My(2%), with Wy, €
OpMo(2F), applied to the system of equations My(z) = 0 is locally quadratically convergent.

5 Final Remarks

We have investigated the local properties of a semismooth equation reformulation of both
the linear and the nonlinear second-order cone programs. In particular, we have shown
nonsingularity results that provide basic conditions for local quadratic convergence of a
nonsmooth Newton method. Strict complementarity of a solution is not needed in our
nonsingularity results. Apart from these local properties, it is certainly of interest to see
how the local Newton method can be globalized in a suitable way. We leave it as a future
research topic.
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