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initial point. We establish global convergence of the proposed algorithm under appropriate
assumptions.
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1 Introduction

Let f: R? — (—o00, +00] be a closed proper convex function and C' be a polyhedral set in
RP defined by
C:={reR|ATr <b},

where A is a p X m matrix, b € R™, and m > p. We consider the convex programming
problem with linear constraints

(P) min{ f(x) |z € C}.

In this paper, we propose an infeasible interior proximal method for solving (P). The prox-
imal method, first proposed by Martinet [20], and subsequently studied by Rockafellar
26, 27], Giiler [10], Lemaire [17, 18] and many others, is based on the concept of proximal
mapping introduced by Moreau [21]. The proximal method for problem (P) with C' = R?
generates the sequence {z*} by the iterative scheme

ot = argmin{f(x) + Az — 2P, (1)

where {\;} is a sequence of positive real numbers and || - || denotes the Euclidean norm.
This method has a global convergence property under very mild conditions [10, 18, 27].

Many researchers have attempted to replace the quadratic term in (1) by distance-like
functions [1, 3, 6, 7, 13, 14, 15, 28, 29]. For example, Censor and Zenios [6] proposed
the proximal minimization with D-functions, which generates the sequence {z*} by

o* = argmin{ f(z) + A\, 'D(z, 2" 1)},

where the function D is the so-called Bregman’s distance [5] or D-function. Teboulle [28]
proposed the proximal method using ¢-divergence introduced by Csiszar [8]. With -
divergence, Iusem, Svaiter and Teboulle [13] proposed the entropy-like proximal method to
solve the problem with nonnegative constraints

min{ f(z) | = € ¥},

where RE := {u € R°|u; > 0Vj = 1,...,p}. This method generates the sequence {z*}
with initial point z° € R% . by
o* = argmin{f(z) + \; 'd,(z, 2*71) |z € R},

where %, := {u € R |u; > 0Vj = 1,...,p}, and the function d,, : R” x R* — R is defined
by

~ P

do(@,y) = y;e(w;/y;)

j=1

with ¢ : . — R being a differentiable strictly convex function. For the general linearly
constrained problem, these methods can be applied to the dual problem, since the dual

problem is represented as the problem with nonnegative constraints. Such dual methods
are regarded as multiplier methods [26] for convex programming [4, 9, 13, 24, 30].
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For the general linearly constrained convex programming problem, the interior point
method is known to be efficient not only theoretically but also practically [22, 31, 32].
Recently, the interior proximal method, which enjoys some favorable properties of both
proximal and interior point methods, has been proposed to solve problem (P), see, for
example, [1, 2, 3, 29]. Auslender and Haddou [1] and Teboulle [29] proposed an algorithm
based on the entropy-like distance. More recently, Auslender, Teboulle and Ben-Tiba [2, 3]
proposed an algorithm based on a new function ¢, which is constructed by adding the
quadratic regularization term to the barrier term that enforces the generated sequence to
remain in the interior of the feasible region. This method generates the sequence {z*} by

2% := argmin{f(z) + \; *d,(L(z), L(z"1)) |» € C}, (2)

where L(z) = b— ATz, and the distance-like function d, : R™ x R™ — R is defined by
dy(u,v) ==Y v7p(u;/v)). (3)
j=1

It is worth mentioning that when the function ¢ is the logarithmic-quadratic kernel in the
sense of [3], the function d, has the self-concordant property introduced by Nesterov and
Nemirovski [22].

We note that, if the iteration (2) is started from an interior point of the feasible region,
that is, 2° € int C, then the generated sequence {z*} remains in the interior of the feasible
region automatically. In [3], the global convergence of this algorithm was established under
the following assumptions:

(H1) dom f nint C # 0.
(H2) A has maximal row rank, i.e., rank A = p.

The restriction of this method is that one should start from an interior point of the feasible
region, and hence problems whose feasible region have an empty interior may not be dealt
with. Moreover, even if the underlying optimization problem has a nonempty interior, it is
generally hard to find such a point. However, this is precisely what is required in order to
start the algorithm from [3].

To remove this restriction, we propose in this paper an algorithm based on the idea of
the infeasible interior point method for linear programming. We introduce a slack variable
y such that y € ¥ and y =~ b — ATx. This allows us to start our algorithm from basically
any initial point; moreover, the method can also be applied to problems whose feasible
region may not have a nonempty interior. For the proposed algorithm we establish global
convergence under appropriate assumptions.

This paper is organized as follows. In Section 2, we review some definitions and pre-
liminary results that will be used in the subsequent analysis. In Section 3, we propose
an infeasible interior proximal method, and show that it is well-defined. In Section 4, we
establish global convergence of the proposed algorithm. In Section 5, we conclude the paper
with some remarks.

All vector norms in this paper are Euclidean norms. The matrix norm is the corre-
sponding spectral norm. The inner product in 7 is denoted by (-, -).
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2 Preliminaries

In this section, we review some preliminary results on the distance-like function defined by
(3) that will play an important role in the subsequent analysis. We begin with the definition
of the kernel ¢ that is used to define the distance-like function. Note that this definition is
slightly more general than the one in [3].

Definition 2.1 ® denotes the class of closed proper convex functions ¢ : R — (—o0, 400]
satisfying the following conditions:

(i) int (dom ¢) = (0, +00).
(ii) ¢ is twice continuously differentiable on int (dom ).

(iii) ¢ s strictly convex on dom .

(iv) lim ¢ (1) = —co.

(v) (1) =¢'(1) =0 and ¢"(1) > 0.

(vi) There ezists v € (%(p”(l), ©" (1)) such that

L= 1/t () 4+t —1) <) < (W)(E—1) ¥t >0,

Note that (vi) immediately implies tligrn ¢ (t) = +00. A few examples of functions p €

are shown below. These are given by Auslender et al. [3].

Example 2.1 The following functions belong to the class ®:

e1(t) = tlogt—t+14+%(t—1)* v>1, domyp = [0,400),
ea(t) = —logt+t—1+%(t—1)* v>1, domep = (0,400),
ps(t) = 2(VE—=12+5(t—1)%  v>1, domy = [0,+00).

The constant v in these examples plays the role of the constant v in Definition 2.1 (vi).
Based on a function ¢ € ®, we define a distance-like function d, as follows.

Definition 2.2 For a given ¢ € ®, the distance-like function d, : R™ x R™ — (—o0, +00]
15 defined by

ZU?SO(U]'/"U]')’ if (U,U) c %T—i— % %r_ﬁ_’
Jj=1

400, otherwise.

dy(u,v) = (4)



From the strict convexity of ¢ and property (v), ¢ satisfies
e(t) >0 Vt>0, and ¢(t)=0 <= t=1.

Hence, d,, satisfies

QU
A
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4
=

V

V(u,v) € R, x R, and

0
0 <= u=v. (5)
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Next, we introduce two technical results on nonnegative sequences of real numbers that will
be needed in the subsequent analysis.

Lemma 2.1 Let {vy} and {Bx} be nonnegative sequences of real numbers satisfying

(1) vk S v+ B,
k=1
Then the sequence {vy} converges.

Proof. See [23, Chapter 2]. O

Lemma 2.2 Let {\;} be a sequence of positive numbers, and {a;} be a sequence of real

k k
numbers. Let o, :=>_\; and by, := 05" Y_ Nja;. If o) — 0o, then
j=1 j=1

(i) lign inf a;, < liminf b, < limsup b, < limsup ay.

-0 k— k—o00 k—o00

(i) If kh_}rgo ar = a < 0o, then lim by = a.

k—o0

Proof. (i) See [19, Lemma 3.5].
(i) This result, originally given in [16], follows immediately from (i). 0

3 Algorithm

In this section, we propose an infeasible interior proximal method for the solution of prob-
lem (P). In order to motivate this method, consider the following iterative scheme with a
sequence {0"} C R, such that 6* — 0:

(%, y") = argmin{ f () + A\ 'dp(y) |y — (b— ATa) = 0F 2 e RP,y € R}, (6)

where



Since y = b — ATx + 6% € R, for any feasible point of (6), the feasible region of problem
(6) may be identified with the set

Cp:={x e R | ATz < b+ 6}, (7)

which is considered a perturbation of the original feasible region C'. Moreover, if C' # (),
then C' C int Cj, # 0 for all k. Since 0¥ — 0 as k — oo, the sequence {C}} converges to the
set C. The optimality conditions for (6) are given by

Of(x)+Au > 0,

A Vidk(y) +u =0, (8)
—(b—ATz) = &F,

where u = (yl, o Uy)T € R™ denotes the vector of Lagrange multipliers. From the
definition of dj and (4), we have
Vdi(y) = (1" (i /yE ) (/i )T (9)

Hence (8) can be rewritten as

Aklzazy’“ o (i/yi ) 3 0,

y—(b—ATz) = &, (10)

where a; denotes the ith column of the matrix A. This means that solving (6) is equivalent
to finding (2%, y*) that satisfies (10). The algorithm proposed below generates a sequence of
points that satisfy conditions (10) approximately. To this end, we replace the subdifferential
Jf(z) in (10) by the e-subdifferential; recall that, for an arbitrary ¢ > 0, the e-subdifferential
of f at a point z is defined by

Ocf(x) :={9 €| fly) > f(x) + (9,y — x) — eVy € NF}.

Now we describe the algorithm.

Algorithm

Step 1. Choose ¢ € ®, a positive sequence {f;} such that » 3 < co, a sequence {\;}
k=1
with Ag; € [Amin, Amax] for all & and some constants 0 < Apin < Amax, and a parameter

€ (0,1). Choose initial points 2 € R and y° € R, such that 0° := y° — (b —
AT2%) e R, and set k= 1.

Step 2. Terminate the iteration if a suitable stopping rule is satisfied.

Step 3. Choose ¢, > 0 satisfying ¢, < Besi ;' M € (0, p], and set 6% := 76!, Find
(2%, y*) € R? x R and ¢* € R? such that

g e &kf( "), (11)
9" - AklZazyz /i) = (12)
y* — (b— ATaF) = ok (13)



Step 4. Set k:= k + 1, and return to Step 2.

In the above algorithm, the initial point can be chosen arbitrarily as long as d° belongs to
7, . Namely, we only have to choose y° big enough to guarantee 0° € R, . Note that the

choice of the sequences {e}, {\}, and {6*} ensures Y e < 00, D Ay =00, D [|0¥] < oo,
k=1 k=1 k=1
and Z A€ < 00.
k=1
It is important to guarantee the existence of (mk, yk) and g* satisfying (11)—(13) in Step
3. In fact, the next theorem shows that the proposed algorithm is well-defined under the
following two assumptions:

(A1) domfnNC #0.
(A2) A has maximal row rank, i.e., rank A = p.

Note that the first assumption is rather natural since otherwise the optimal value of problem
(P) would be +00. We further stress that (A1) is somewhat weaker than the corresponding
condition (H1) mentioned in the introduction. It implies, however, that the feasible set C'
is nonempty.

Also the second assumption is often satisfied, e.g., if we have nonnegativity constraints
on the variables like in the Lagrange dual of an arbitrary constrained optimization problem.
Condition (A2) can also be stated without loss of generality if we view (P) as the dual of
a linear program since then the matrix A plays the role of the constraint matrix for the
equality constraints in the primal formulation, so that linearly dependent rows can be
deleted from A without changing the problem itself.

We next recall that the recession function F, for a convex function F' : R — (—o0, 400]
is given by

where € dom F'. Note that the value of Fii,(d) does not depend on the choice of z € dom F
on the right-hand side. We further recall that if F(d) > 0 for all d # 0, then the set of
minimizers of F' is nonempty and compact [25, Theorem 27.1 (d)].

Theorem 3.1 Let assumptions (A1) and (A2) be satisfied. Then, for any 2*~' € int Cj,_,,
ykl e R, M >0, >0, o e R, there evist ¥ € int Oy, yF € R, and g e R
satisfying (11)—(13).

Proof. Let Fy : R? — (—o00, 400] be defined by
Fi(x) := f(z) + N\ 'di(b — ATz + &%),

and C}, be defined by (7). Since C' C C, (A1) implies dom Fy, # ). Let Sy, := argmin, F(x).
We show that Sy is nonempty. For this purpose, it is sufficient to show that

(Fi)oo(d) > 0 Yd # 0. (14)
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From the definition of F}, we have
(Fi)oo(d) = foold) + A (di)oo(— AT d). (15)

Since (dg)oo(—ATd) = 400 for all d # 0 from rank A = p by (A2) and the properties of ¢
(conditions (iv) and (vi) of Definition 2.1), it follows from (15) that (F})s(d) = +oo for all
d # 0. Thus we have Sy # (), which means that there exists an x € R? satisfying

0 € dF(z) = 8f(z) — AP AV,di (b — ATz + 6%).
Since Of(x) C d.f(z) for all € > 0, there exist ¥, y* and g* satisfying
" € D f(ab),
Aeg® — AVdp(y*) = 0,
y* — (b — AT2*) = 6*.
From (9), this completes the proof. O

Note that the strict convexity of dy and assumption (A2) imply that Fy is also strictly
convex. Therefore, if a minimizer of F}, exists, then it is unique. In order to get another
interpretation of the vectors computed in Step 3 of the above algorithm, let us give the
following two remarks.

Remark 3.1 Let
e-argminf(z) := {z | f(z) < inf f(y) + e}.
Then, it is easy to see that
0€0.f(x) < =x € e-argminf(z).
In fact, from the definition of the e-subgradient, we have
0€0f(z) <= fly) = [f(z)—eVy = ffy)+e=f(o)

Remark 3.2 Let F : R? — (—o0,400| be defined by F(x) = f(x) + h(x), where f and h

are both convex functions. Even if h is differentiable, it is not necessarily true that
O.F(x) = 0.f(x) + Vh(z),

although OF (x) = 0f(x) + Vh(x) holds. It is known that

0F(x) = |J {0.f(x)+dh(x)}

€1>0,e2>0
e=€q +52

holds [11, Theorem 2.1]. Therefore, we have in general
O.F(z) D 0cf(x) + Vh(z).

If (F)oo(d) > 0 for all d # 0, then S :=argmin F(z) is nonempty and compact. Thus, there
exists an x such that 0 € 0F(x) = 0f(x) + Vh(z). Since 0f(x) C O.f(x) for all € > 0,
there exists an x satisfying 0 € O.f (x) + Vh(x), namely, there exist x and g such that

{ g € 0cf(),
g+ Vh(z)=0.



From Remarks 3.1 and 3.2, it can be shown that
0 € 0.f(x) + Vh(x)

implies o € e-argmin F'(z). Thus 2* obtained in Step 3 belongs to ez-argmin F},(z).

4 Global Convergence

In this section, we establish global convergence of the proposed algorithm. To this end,
we assume throughout this section that the sequence {z*} generated by the algorithm is
infinite.

To begin with, we prove some key lemmas. The first lemma is a slight modification of
Lemma 3.4 in [3].

Lemma 4.1 Let ¢ € ®. For any a,b € 7, and c € R, we have
1
(¢ = b.®'(b/a)) < 38 (llc = al® ~ [l = b]]*)

where &' (b/a) := (a1 (b1 /a1), ..., ame (by/am))" and 6 := ¢" (1).
Proof. By the definition of ¢, we have ¢'(t) < ¢"(1)(t — 1) for all ¢ > 0. Letting ¢t = b;/a;
and multiplying both sides by a;c; yield

aicigol(bi/ai) S aicigo//(l)(bi/ai - ].) = Czépn(l)a% — CLZ‘). (16)
Moreover, since there exists v € (1¢"(1),¢" (1)) such that —¢'(t) < —¢" (1)(1=1/t) —v(t—
1)?/t for all t > 0, letting t = b;/a; again and multiplying both sides by a;b; give

—azbzap/(bz/az) S —Qa; ZQO (1)(1 — Cl,l/b ) aibiu(bi/ai — 1)2/(872/0,1)
= —ap ()b — @) — v(bi — @) (17)

Using the identity
_1 2 2 2
(b—a,c—a) —5(!\C—a|l = lle=BlI* + 1o = all*)

adding the above two inequalities (16) and (17), and summing over i = 1,...,m yield

"

(c=0,@(b/a)) < ¢ (1)(b—a,c—a)—v|b—al

= 2" ) (lle—all* ~ lle = bIP) + (5"(1) ~ ») b~ al?

2
1 1 2 2
< 59 (1) (lle = all® = lle = ]1*) .
where the last inequality follows from v > ¢"(1)/2. O

Let Il (z) denote the projection of z onto the set C, and let [z], be the projection of x
onto the nonnegative orthant.



Lemma 4.2 Let dist(z*, C) denote the distance between x* and o (x*). Then there exists
a constant o > 0 such that

dist (s, C) = |[Te(z) — 2] < afl6"] (18)
for all k. Moreover, dist(z*, C) — 0 as k — oo.
Proof. From Hoffman’s lemma [12], there exists a constant o > 0 such that
dist (s, C) = |[Tle(z*) — ¥ < af|[AT2" — b, |

for all k. Hence, we have

dist(z",C) < all[A"2" —b]4]]
= @H[ATxk — bl — [—yk]JrH
< allATZF — b+ o
= af|6*],

where the first equality follows from 3* € R, , the second inequality follows from the
nonexpansiveness of the projection operator, and the last equality follows from ATx* — b+
y* = 6*. Finally (18) and the fact that §¥ — 0 imply dist(z*, C) — 0. 0

By using this lemma, we can also estimate the distance between y* and b — ATTIo(2").
Lemma 4.3 The following statements hold:
(i) There exists a positive constant 31 such that, for all k,
Ib — AT (") — ¥ < Bu]l0"].
(i1) There exist positive constants B and (B3 such that, for all k,
b= AT (@A) = g2 > " = 42 = Ballo* ] = Bl ¥ = o

Proof. (i) From Lemma 4.2 we have

Ib — AT (") — o] Ib — AT (2") — (b — ATa* + 6%
IAT (Te(2*) — &™) + [|6"]
all AJI8*] -+ f16*]l

<
<

for all k. Setting 3, := a|A|| + 1, we get the desired inequality.
(ii) From (i) we have

| Ib— AT (") — ¥ + b — ATTe (") — 7

ly <
< b= ATHe(a" ) — y¥|| + Bul|6" !

for all k. Squaring both sides of the inequality, we get
ly* =y PP
< b= ATHe (@) = y¥ |1 + BE6° P + 286" [ b — Ao (") — o).
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Hence, we obtain

1o — A™Te (") — *)17
>yt =y P = BT = 28010 1D = AT (2 ) — o)
>yt =y R = AP = 2800165 (11D - AT () = F )yt -
k J—

vV

ly

y P = 38T T = 288 T —

)

where the last inequality follows from (i). Since 6% — 0, there exists 3, > 0 such that

3BLN0"H* < Ballo™ |

for all k. Setting (35 := 23;, we have (ii).

O

The next lemma shows the relations between two consecutive iterates, which are the basis
for establishing global convergence of the algorithm.

Lemma 4.4 Let 6 := ' (1).
(i) For anyx € C, y=b— ATz € R7, and for all k, we have

1 _ _ _
e (F@) = 1) <50 (ly = 9717 =y = *1) + 010" 1™ = ol + v

(11) There exist positive constants vy, o and 73 such that, for all k, we have

f@le(@®)) = fMe@1) < ]8Iy =y =l =y

Proof. (i) For

+l| 07+ [f (e (2") — f(2")] + e

any v € C and y = b— ATz € N7, we have

Ae(f (@) = f(x))

IA

IN

IN

IN

)\kgk, l‘k — 113'> + )\kfk
y+5k—y ,de( )> +>\k€k

—~

(y —y", Vdu(y")) + (6, Vi (y")) + Mees

5 (=18 = = 1) + ol ) 4 e

20 (ly— o~ - yu2)+il P D 1) + M
20 (ly =917 = lly = 4F17) + 006 * — 47) + hee

20 (ly =01~ lly = 0" 1P) + 0105° s — o1+ M

20 (ly =91 = lly = 9" 1) + 0100 ¥ — o+ Aues,

10
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where the first inequality follows from (11), the first equality follows from (12), the second
equality follows from (13), the second inequality follows from the definition of Vdy(y*) and
Lemma 4.1, the third inequality follows from the property (vi) of ¢, the fourth equality is
the definition of 6, the fourth inequality is a consequence of the Cauchy-Schwarz inequality,
and the last inequality follows from the updating rules for §*.

(ii) Applying (19) with (z,y) = (Ilc(z*71),b — AT (2% 1)), we have

e (f(*) = F(TIo(a*1)))
< S0 (b= Ao ) — P = o ATTC(R ) — o)
+ 01 = F] 4+ Awen
for all k. This implies

f@e(a®) = f(Me(z*h)
= fg(a™) — f(2*) + f(a") = f@e(z")

0 _ _ _
< o (b= AT ) = yF 2 = b — AT (2R = f))
2\
0 _ _
FR I = oM+ 1 (o) = £ (@) + e
0 0
< AT k—1y _ k=12 _ _ AT E—1y _ k|2
< g o= Ao ) = g = Sl - ATHe( ) — o
0 _ _
10 = M+ [ (e (") = S| + e
03? _ 0 _ _ _ _
< oI = o (Il = P = Bl = Bl o)

2)\max

0 _ _
I =yl 1 (Te () = £+ e
. B3 1 k-1 k k—1
= (g Il = o
Q( P2
2 /\max

TH?J’“ — P

+

B ne _
+ ﬁlwk ISR+ £ (e (b)) = f@)] + e,
where the second inequality follows from Ay € [Amin, Amax], and the last inequality follows

from Lemma 4.3. Since §¥ — 0, we have (ii). O

We finally introduce another technical lemma that will also be used in order to prove a
global convergence theorem for the algorithm. To show this, we need the following further
assumptions.

(A3) 3232, f(2*) = f(Ile(zh))] < oo
(A4) f.:=inf{f(z)|z e C} > —cc.

While (A4) is rather natural, we will include a short discussion on the necessity of (A3) at
the end of this section. For now, we just mention that (A3) requires the initial point z° and
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the sequence {IIo(2%)} to lie in dom f. (The algorithm ensures 2* € dom f for all k > 1.)
This restriction can be relaxed to the weaker assumption that 322 ; | f(2*)— f (Ilo(2*))] < oo
for some k& > 0, which will lead to slight modifications in the proofs of the subsequent
lemmas and theorems.

Lemma 4.5 Suppose that (A1)-(A4) hold. Then
D18 M Hly* =yl < o

Proof. We only have to show that the sequence {||y* — y*7!||} is bounded since then the
assertion follows immediately from the fact that 352 [|0*7!|| < oo.

Assume the sequence {||y* — y*7||} is unbounded. Then there is a subsequence {||y* —
y* Y| }rex such that ||y* —y*1|| — oo for k € K, whereas the complementary subsequence
{lly* — y*1|| }egx is bounded (note that this complementary subsequence could be finite or
even empty). Summing the inequalities (20) over j = 1,2,...,k gives

f@e(z*)) — f(Me ()
k k k
< Y = = e Yol =y T P s Do 16
Jj=1 j=1

J=1

k k
+ 2 |f(@?) = f(Te(@)]+ ¢

=1

k k k
< O N =y = e Do =y TP s D (16|
=1 =1 j=1
k ) ) k
+Z\f(xj)—f(ﬂc(ﬂ))!+z€j
4 <
= Zl\y YOl = el — M) +’VzZ|W il
+m Z 167 My — oM+ D0 (@) — F(e(a?)] + D €. (21)
j=1 =1
J€K

Now let us recall that we have 302, e < oo, 352, [|[0F Y| < oo, and 32, |f(2F) —
f(Me(2%))] < oo by (A3). Furthermore, the definition of the index set K also implies

Dl =y < o0
igK
since the sequence {|ly/ — ¢ 7||};¢x is bounded and
> 1) < oo
jeK

12



On the other hand, we have

k
S lly? = (ll M = elly’ =) = —oc
Jex
for kK — oo since the term in brackets eventually becomes less than a negative constant
due to the fact that [|¢"7|| — 0 for j € K and {||yY — ' !||};ex is unbounded. Therefore,

taking the limit ¥ — oo in (21), we see that {f(Ilc(2%))} is not bounded from below or
f(II¢(z°)) = oo, which contradicts (A4). This completes the proof. O

We are now in the position to state our first global convergence result. It deals with the

behavior of the sequence {f(z*)}.

Theorem 4.1 Suppose that (A1)-(A4) hold. Then we have limg_.o f(2*) = f., i.e., {x*}
18 @ MINIMIZING Sequence.

Proof. Throughout this proof, we use the notation o, := Zle Aj. Note that o}, — oo since
{A;} is bounded from below by the positive number Api,.

Summing the inequalities (19) over j = 1,...,k, we obtain for any x € C' and y =
b— ATz e R7
k .
—O'kf(iﬂ) + Z )\]f(.TJ)
j=1

IA

1 koo : . k
50 (ly = = lly = 5" 17) + 0 318l =7+ 32 A
j=1 j=1

1 k . , . k
< §9Hy—y°HQ+9ZH5J =y 7+ D0 Nege
j=1

=1
This can be rewritten as
e j 1 1 2 L et j i—1 e
on Y Nf(@) < @)+ 500 Ny =y 1P+ 00 X107 ly =yl + o Do Aes (22)
j=1 j=1 j=1
Since Lemma 2.2 implies that
. k
.. .. -1 i
liminf f(2") < h,?i}){}f"k > Nif(2?)

k—o0 =

and

k
0 < limsup ak_l Z Aje; < limsup e,

k—o0 j=1 k—oo

we have for any v € C'and y = b — ATz € R

liminf f(z"*)

k—oo
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k
liminf o 3" A f (o)

k—o0 j=1 j=1

<
7=1
1 k . . ) k
< liminf {f<x> + 3005 ly =9I 4+ 00 Ny’ = o+ 3 Zlm}
J= J=
1 k . ) . k
< limsup {f(w) + 503 ly = 1+ 00 3115 ' — o ot Y Ajej}

1 k , A :
< flx)+ klim §Hak_l||y —°|1” + limsup Oo, ' > |67 ly? — v? M| + lim sup €.

k—o00 j=1 —00
It then follows from o, — o0, €, — 0 and Lemma 4.5 that

liminf f(z*) < f(x) Vz € C.

k—o0

We therefore have
lilgn inf f(2") < f.. (23)

Moreover we obviously have
fle(ah) = f. (24)

for all k. Since (A3) implies |f(z*) — f(Ilc(2%))| — 0, it follows from (23) and (24) that
liminfy o f(Ilc(2*)) = f.. We now show that the entire sequence {f(Ilo(z*))} converges

to f.
Since f, is finite by (A4), Lemma 4.4 (ii) yields

F@Me(a®) = fo < fe(@™h) = fotnlld* " =yl
+ 0"+ | f (e(2®) — ()] + e
By Lemma 4.5, we have 372, |6% 7| [ly*—y*71|| < oo. By (A3), we also have 352 | f (I (2*))—
f(z%)| < oo. Furthermore, we have 322, e < 00,352, |[0"7!|] < co. Hence Lemma 2.1
shows that the nonnegative sequence {f(Ilo(z%)) — f.} converges. Since f, is just a con-
stant, this means that the sequence {f(Il¢(2*))} converges. But we already know that
liminfy .o f(Ilc(2*)) = f., ie., there is a subsequence of {f(Ilc(2*))} converging to f..

Hence the entire sequence {f(Il¢(2*))} converges to f.. Then (A3) implies that the entire
sequence { f(z*)} also converges to f,. O

We next state our second global convergence result. It deals with the behavior of the
sequence {z*} itself.

Theorem 4.2 Suppose that (A1)-(A4) hold. Let us denote by

X, ={weC|f@)= 1)
the solution set of problem (P). Then the following statements hold:

(i) If X. =0, then limy,_, ||2¥]| = oco.
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(ii) If X. # 0, then the entire sequence {z*} converges to a solution of problem (P).

Proof. (i) Suppose that X, = (). We show that every accumulation point of the sequence
{x*} is a solution of problem (P). Then the assumption X, = () immediately implies that
the sequence {z*} cannot have a bounded subsequence, so that we have limy,_., ||2*|| = oo.

Therefore, let z* be an accumulation point of {z*} and {2*}cx be a corresponding
subsequence converging to x*. Since limy_ f(2*) = f. by Theorem 4.1 and f is lower
semicontinuous at x*, it then follows that

f(@*) <liminf f(z*) = lim f(2") = f..
KeK heo
On the other hand, z* is feasible for problem (P) because of Lemma 4.2. Hence the
inequality f(z*) > f. holds. Consequently we obtain f(z*) = f,, i.e., the accumulation
point z* is a solution of problem (P).

(ii) Now assume that the solution set X, is nonempty, and let z* be an arbitrary point
in X,. Since f(Ilg(z*)) > f. for all k, we have

F(Me(@h) = fa*) = f. = f(24).
Substituting 2* € X, and y* = b — AT2* for x and y, respectively, in (19), we have
ly™ = 9112 < lly" = y* M + 207 A (fe = F(&) + ) + 206 ly* =yl
Together with the previous inequality and A\, < A, We obtain

ly* — y¥|?
ly* =y 17 + 207 N (F (e (2F)) — F(2®)) + 207 Mere +2[6" 7 (|7 — o7

<
<y = 5P 4 20 N (e @) = ()] 4+ 20 A+ 2065 1g* - 5.

Using (A3), >72, Aker, < 00, Lemma 4.5, and Lemma 2.1, it follows that the sequence
{lly* — y*||} converges. Since |ly* — y*|| = || AT (2% — 2*) — 6%||, we have

ly* = "l = 10 < [[AT (=" — 2%)|| < |ly* = y*[| + [|6"]-

Therefore {||AT(z* — 2*)||} converges. Since the matrix A has maximal row rank by (A2),
the sequence {||z* — 2*||} also converges. In particular, {z*} is bounded, and hence it
contains a subsequence converging to some point x*°. Since x> € C' by Lemma 4.2 and
f(z*) — f, by Theorem 4.1, we must have 2> € X,. It then follows that the whole
sequence {z*} converges to ™, since {||z* — z*||} is convergent for any x* € X,, as shown
above. O

We note that none of our global convergence results assumes the existence of a strictly
feasible point, in contrast to several related papers like [1, 2, 3] which consider feasible
proximal-like methods.

We close this section with a short discussion regarding (A3). To this end, we first
observe that this assumption is automatically satisfied if §* = 0 for all &, i.e., if the algorithm
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generates feasible iterates. We further note that (A3) also holds if, for example, the function
f is Lipschitzian; this follows from Lemma 4.2 since

ki ) = FITo(@) < LS b — Mo(e)] < oL 3 165 < oo,

k=1 k=1

where L > 0 denotes the Lipschitz constant of f. In particular, (A3) is therefore satisfied
for linear programs.

On the other hand, it should also be mentioned that (A3) is restrictive in the sense that
it requires all projected points Ilo(x*) (or at least those for sufficiently large iterates k)
to belong to the domain of f, since otherwise (A3) is certainly not satisfied. However, if,
for example, an accumulation point of the sequence {z*} is in the interior of domf, then
Lemma 4.2 automatically implies that f is finite-valued at the projected points Ilo(z*);
moreover, it is known that, in this case, f is locally Lipschitzian around the accumulation
point, so that (A3) is satisfied on such a subsequence.

To include a further motivation for the necessity of an assumption like (A3), consider
the two-dimensional example shown in Figure 1: The feasible set C' is just a line with
f(z) =0 for all x € C. We further have f(x) = oo above this line, while f(z) < 0 below
that line. In this example, f is a closed proper convex function with C' Ndomf # () and
C'Nint dom f = (). The solution set X, of this example is nonempty as every feasible point
is a solution, and the optimal value is obviously f. = 0. On the other hand, the sequence
of function values {f(2*)} may tend to —oo or, depending on the precise behavior of the
function f, at least to a negative number. Note that this happens although the iterates z*
get arbitrarily close to the feasible set C, i.e., to the solution set. Hence the statements of
Theorems 4.1 and 4.2 do not hold for this example. The reason is that (A3) is not satisfied.

Figure 1: Counterexample illustrating the necessity of (A3)

5 Conclusion

In this paper, we proposed an infeasible interior proximal algorithm for convex programming
problems with linear constraints, which can be started from an arbitrary initial point, and
is applicable even if there is no interior of the feasible region. Nice global convergence
properties were shown under suitable assumptions.

Among the possible future projects is an extension of the proposed algorithm to the
solution of variational inequality problems. Furthermore, the method is still rather con-
ceptual, and one should devise a practical procedure to execute step 3 in order to get an
implementable algorithm. Another important subject is the rate of convergence of the
algorithm.
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