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Abstract. The formulation and the semismooth Newton solution of Nash equilibria mul-
tiobjective elliptic optimal control problems are presented. Existence and uniqueness of a
Nash equilibrium is proved. The corresponding solution is characterized by an optimality
system that is approximated by second-order finite differences and solved with a semis-
mooth Newton scheme. It is demonstrated that the numerical solution is second-order
accurate and that the semismooth Newton iteration is globally and locally quadratically
convergent. Results of numerical experiments confirm the theoretical estimates and show
the effectiveness of the proposed computational framework.
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1 Introduction

Many application problems involve the simultaneous optimization of several competing
objectives and constraints that define the class of multiobjective or multicriteria optimiza-
tion problems. In this class of problems, we can distinguish between finite- and infinite-
dimensional optimization problems. The former are characterized by finite-dimensional
models and often refer to game theory problems. The latter can be associated to models
in function spaces and, in particular, to differential models. A well-known application for
infinite-dimensional multiobjective optimization occurs in aerodynamic shape optimization
for the design of airplanes where one focus is the lift maximization in the critical phase
of take-off and landing and the other one is drag minimization in the cruise regime since
it directly determines kerosene consumption |9, 15|. Another application is multi-loading
structural design [32]. Multiobjective PDE optimization would be also important in the
treatment of models and data uncertainties where it is required to compute a robust opti-
mal solution and minimize variance and other statistical moments [4].

We focus on multiobjective optimization problems governed by PDE models and in
this case much less is known on the characterization and the solution of these problems.
The starting point of our research are the works of Pareto, Nash, and Stackelberg; see
[5, 8, 10] and references therein for more details on their ground breaking contributions
and subsequent results.

These works usually consider finite-dimensional models, whereas part of our motivation
is to consider an infinite-dimensional setting where optimization problems with partial
differential equations (PDE) are involved. While the Pareto solution may be found in a
number of works dealing with infinite-dimensional optimization problems, cf. [23, 24|, much
less is known regarding the Nash solution concept in multiobjective PDE-optimization
problems. An exception are two recent papers [29, 30] by Ramos et al. devoted to a
multiobjective optimization with a specific unconstrained control mechanism and solved
with a conjugate gradient scheme. One of our purposes is to generalize this setting by
considering a larger class of constrained controls and to solve the resulting problem with
semismooth Newton methods.

Although the Nash formulation is typically viewed as a stronger solution concept than
Pareto, the latter appears to be more popular in applications. On the other hand, it is
only recently that powerful methods for the solution of finite-dimensional Nash equilibrium
problems have been proposed. The purpose of this paper is to introduce the Nash equi-
librium as a solution concept to multiobjective PDE-optimization problems and to show
how to extend powerful finite-dimensional methods to solve the resulting discretized Nash
equilibrium problems (NEPs, for short).

From the PDE optimization point of view, the class of problems considered in this paper
are simple. Each of the two objectives are (strongly) convex as a function in the variable of
the corresponding player (control), and the PDE is of the elliptic type. However, we do not
consider two separate optimization problems, since we are looking for a Nash equilibrium,
and even in the finite-dimensional setting with strongly convex objective functions, neither
existence nor uniqueness of a Nash solution is guaranteed. This is very much in contrast



to standard optimization theory, and points out the difficulty inherent in the solution of
NEPs, cf. [11, 14| for more details.

The paper is organized as follows. In Section 2, we formulate the class of multiobjective
PDE-optimization problems considered throughout this paper and formally introduce the
Nash solution concept. Section 3 gives an existence and uniqueness result for this class
of problems in the infinite-dimensional setting. A finite difference discretization together
with its approximation properties is then discussed in Section 4. In Section 5, we restate
a semismooth Newton method for the solution of general NEPs which may be viewed as a
standard solver and which is known to be both globally and locally quadratically convergent
under certain assumptions. The two subsequent Sections 6 and 7 focus on the particular
structure of the discretized multiobjective PDE-optimization problem and show that the
conditions for global and local fast convergence hold. Numerical results are presented in
Section 8, and we conclude with some final remarks in Section 9.

2 Multiobjective Elliptic Control Problems

This section defines the class of problems considered in this paper and contains the defi-
nition of the Nash solution concept. We consider multiobjective optimization problems
governed by a linear elliptic partial differential equation as follows. Find (uq,us) €
Ung 1 X Upg o C L*() x L*(Q) such that

( miny,ul Jl (y, Uy, Ug)

st. —Ay = Biu; + Bous + f in Q) (1)
y=0 on 09,
U € Z/{ad,la

and
( miny,uZ Jg(y,ul,UQ)
st. —Ay = Biu;+ Bous + f in Q) @)
y=0 on 09,
Ug € Z/{ad72a

\

where f € L*() and ) is a convex open bounded set in R
The cost functionals J;, j = 1,2, are of the tracking type and are given by

1 Vs )
iy, wryuz) = Slly = 2l 72 () + é!lBjujHizm), i=12, (3)

where 21, 2o € L?(Q) are given target functions and v; > 0, j = 1,2, are the weights of the
costs of the controls.

The set of admissible controls U,y = Uaq 1 X Uya o is the space product of two closed
convex subsets of L?(Q) given by

Upa; = {u € L*(w;) | lj(x) <u(x) <rj(x) ae. inw; COY, (4)



where [; and 7;, j = 1,2, are elements of L>(w;) and w; are measurable subsets of .
The linear operators B; : L*(w;) — L*(Q), j = 1,2, are chosen depending on the

particular application, and suitable assumptions on them will be given later. In the case

of different controls defined on different subsets of €2, we have the extension operator given

by
| u;  inwj,
Bjuj_{ 0 inQ\wj. (5)
With this setting, we have y € HJ(2) N H?(Q).

In order to define a suitable solution concept for the multiobjective PDE optimization
problems (1) and (2), first note that J; depends on y and w;, but not explicitly on us.
Similarly, Jo depends on y and us, but not explicitly on w;. Since y is given by a solution
of a PDE which is controlled by u; and uy, we are essentially in the situation that J; is a
function of u; and Jy is a function of us, i.e. each of the objectives has its own variables.
This is the typical situation for which the solution concept by Nash can be used.

To make this more precise, let us introduce the reduced formulation of (1) and (2). We
denote with y(uy,us) the unique solution of the PDE as a function of (uy,us). With our
setting, the mapping (uy,us) — y(us,us) is affine and continuous. Then, we define the
reduced cost functionals

Jj(ur, uz) = J; (y(ur, us), ur, us), J=12

A

We have that the mappings (u1,u2) — Jj(u1, us), j = 1,2, are twice Fréchet differentiable
[19, 34].

Using these reduced cost functionals, we obtain the following reduced (equivalent) for-
mulation of (1) and (2). We have

min jl(ul,u2) s.t. Uy € Upgn and (6)
ul

l'IqlLizl'l jg(ul, UQ> s.t. U € uad,Q. (7)
In this formulation, u; is the variable in optimization problem (6) and us is the variable in
optimization problem (7). That is, we are in the situation where both objectives control
different sets of variables. Moreover, since we have multiple objectives that are in conflict
with one another and therefore a multiobjective optimization problem does not have a single
solution that could optimize all objectives simultaneously, the solution of multiobjective
optimization problems should consist of all optimization functions that can best attain
the prioritized objectives as good as possible. This leads to the following multiobjective
solution concept by Nash.

Definition 2.1 A feasible element u = (uy,us) € Uyq is called a Nash solution or a Nash
equilibrium of (6)—(7), if

A A

Jl (?_Ll, ﬂg) Jl (Ul, ﬂg) fOT all up € uad,l and
jg(ﬂl, ﬂg) S jg(ﬂl, UQ> fOT all Uy € Z/{ad72-

IN



Hence, we have a Nash equilibrium if no benefit is attained by changing one control uni-
laterally while the other control is kept fixed. Similarly, we call a triple (y, 4y, 4s) a Nash
solution of the original multiobjective optimization problem from (1), (2) if (uq,us) is a
Nash equilibrium of the reduced formulation (6), (7) and y = y(u, @2) holds.

3 Existence and Uniqueness of a Nash Equilibrium

In this section, we show that there is a unique Nash equilibrium of the problem (1)-(2).
The analysis is motivated by the one in [29]. To this end, we come back to the reduced
formulation (6)—(7). It is not difficult to see that the mappings u; — Ji(uq, ) and
Uy +— j2(ﬂ1,u2) are convex for fixed 4y and @y, respectively. Hence (i1, us) is a Nash
equilibrium if and only if this pair satisfies the following

J;
ouy 9,
d.Jy
Ougy

Uy, Ug)(v1 — ) > 0 Yoy € Upay,

—— (U1, Ug)(v2 —U2) > 0 Vvy € Upao.
In order to get a convenient expression for the gradient of jj, we introduce the functions
p; € H*(Q) N H(Q), j = 1,2, as the unique solution to the adjoint equations

—Ap; =—(y—2;) inQ, p; =0 on 05, (8)
where y = y(u). Then the gradient of jj can be represented as follows

8J
Ou,

for j = 1,2. Using the adjoint operator B, the necessary and sufficient first-order opti-
mality conditions are given by

o (W, W) (v = 1) = = (p5, Bj(v; = W) 12 + V5 (Bithgs Bj(vj = 1)) 1o

(I/lBikBlﬂl 1]91, V1 — Ug >0 \v/'Ul S uad,b

V'UQ € Z/{ad’2 .

)L2(w1
(v2B; Batiy — Bypa, va — u2)L2(w2
Altogether, it follows that the solution to (1)—(2) is characterized by the following opti-
mality system. We have

—Ay = Blul + BQUQ + f in Q,

y= 0 on 012,
—Apr= —(y—2) in €,
pr= 0 on 0f), (9)
—Apy = —(y — 22) in 2,
pa= 0 on 012,
(nBfByuy — By p1, v1 —ug) > 0 for all v; € Uya 1,
(VQB;BQ U — B; P2, Vg — UQ> Z 0 for all Vo € uad,2-



Next, we define the Hilbert space H := L?*(w;) X L?(wy) and the induced scalar product
(u,v) g := (U1, 01) 2(wy) + (U2, V2) 12(wy) for all u,v € H, where u = (u1, u2) and v = (vy,v2).
Then, we can rewrite (9) as follows

(Aﬂ—b,v—ﬂ)HZO VvGUad,

where we put b := (b1, be), 4 = (Uy,Us), v := (v1,v2), and the operator A : H — H is
defined by
A(ul, Ug) = (VleBlul — Bikﬁl, I/QB;BQUQ — B;];Q) (10)

Here, for the given (uq, us), the p; and py are obtained by first solving the following problem
—Ay = Biu; + Boug  in g=0 on 09, (11)

and in the next step, we compute p; and py solving the equations
Afi=§ and Apy =4, (12)

with homogeneous Dirichlet boundary conditions. Notice that p; and ps coincide in our
case. However, they would be different, in general, considering different tracking function-
als.

We have that A results to be the linear part of the optimality condition operator which
is an affine mapping. In fact, the inhomogeneous term b = (by,bs) is defined in terms
of f and the target functions z; and 25, and it is zero when these functions are zero.
Specifically, the construction of b; and by proceeds as follows. Define § as a solution of
—Ay = f with homogeneous Dirichlet boundary conditions. Then, b; and by are given
by b; = Bip; (j = 1,2), where p; (j = 1,2) solve the equation —Ap; = —(¢§ — 2;) with
homogeneous Dirichlet boundary conditions.

Now, we define the mapping a : H x H — R by

a(u,v) := (Au—b,v), Vu,ve H. (13)

H

Then @ = (uy, uy) is a Nash equilibrium if and only if it satisfies the variational inequality
a(t,v—1u) >0 Yv &€ Uyp. (14)
The central properties of the mapping a are summarized in the following result.

Proposition 3.1 Suppose that the mappings B B; (j = 1,2) are coercive and the sets w;
satisfy
AMsupp(Bjv) Nwy) =0 Yo € L*(w;), j# k. (15)

where A(+) denotes the Lebesque-measure of a set. Then the mapping a : H x H — R from
(10)—(13) is bilinear, continuous, and coercive.



Proof. Clearly the operator A is linear, bounded, and continuous in H. Therefore, we
immediately obtain that a is bilinear and continuous. We show that a is coercive.
For this purpose, we consider the following

(A(uh U2)7 (Uh Uz))H = (BTB1U1, u1>L2(w1) + V2 (B§B2U2, U2)L2(WQ)
w1 w2

In view of the assumed coercivity of B} Bj, the statement follows if we are able to show
that the last two terms in (16) are nonnegative. In fact, we have

—/ (Bip1) widr = —/ 1 (Biwy) de = —/ P1 (=AY — Boug) dx

where ¢ is the solution to (11) with u; and wus in the right-hand side. Similarly, we prove
that — [ (B5pa) ug dx is nonnegative. O

The central result of this section is a direct consequence of Proposition 3.1.

Theorem 3.2 There exists a unique Nash equilibrium of the reduced problem (6)—(7) (and
therefore also a unique Nash solution to (1)—(2)).

Proof.  Recall that u = (u;,u2) is a Nash equilibrium of (6)—(7) if and only if this
pair satisfies the variational inequality (14). However, since a is bilinear, continuous and
coercive in view of Proposition 3.1, it follows from the Lions-Stampacchia-Theorem (see,
e.g., [1, 21]) that this variational inequality has a unique solution. O

4 Finite Difference Discretization

In this section, we discuss a finite difference discretization of the multiobjective linear
optimality system (9). To this end, we consider the simpler case without constraints on
the controls. Then we can use the resulting optimality conditions to eliminate the control
functions by expressing them in terms of the state and the adjoint variables.

Specifically, consider a sequence of grids {€Q,}5~0 given by

QU ={xecR*|z;=s;h, 5, €Z}NA.

We assume that €2 is a rectangular domain and that the values of the mesh size h are
chosen such that the boundaries of ) coincide with grid lines. For grid functions v, and
wy, defined on 2, we introduce the discrete L2-scalar product

(On,wn)pz = 0> > on(x) wa(x),

XEN,

8



with associated norm |vy|o = (vp, vh) . We also use |vp]oo = maxxeq, |Un(X)].
h

First-order backward and forward partial derivatives of v, in the z; direction are denoted
by 9; and 9;", respectively, and given by

V(X 41 h) — vp(x)
h )

vp(%) — vp(x — 1 h)

8Z-_Uh(X) = h

and O vp(x) =

where 7 denotes the i coordinate direction vector and vy, is extended by 0 on grid points
outside of ; see [16]. In this framework, the discrete H'-norm is given by

N 1/2
[unl1 = <|?fh|(2) +y I@_vh|§> :

1=1

The spaces L7 and H} consist of the sets of grid functions v;, endowed with |vg]o, respec-
tively |vs]1, as norm. For the definition of H? we refer to [16], as well.

Functions in L?*(Q2) and H'(Q) are approximated by grid functions defined through
their mean values with respect to elementary cells [z; — 2, 21 + 2] X [z5 — 2 25 4+ 4]; sece
[16] for more details.

The restriction operator Ry, : H?(2) N Hy(Q) — H? is defined by

hj2 )2
(Rv) (2, y) = // o(x + €,y + n)dedn.

hj2 J—h/2

In the following, this operator is also used as mapping Rj, : H' — H}. For L? functions,
we have the restriction operator Ry, : L*(Q) — L? where

hj2  rhJ2 phJ2 ph)2
(Rov)(z,y) = //// oz + &+ €y +n +n))dede dndsf.

hy2J—nj2 J—nj2 J—ns2

Alternatively, for sufficiently smooth functions v € C*(Q) (resp. f € C*(Q)), k=0,1,...,
we use the restriction operators (Rpv)(z) = v(x) (resp. (Rnf)(z) = f(x)) on £, (resp.
Qp).

The second-order five-point approximation to the Laplacian with homogeneous Dirichlet
boundary conditions is defined by A, = 89, + 95 95 . We have the following consistency
result 3

‘Ath’U — RhA’U‘OO S Ch2||UHC4(Q); (18)
see, e.g., [16].

Next, an a priori estimate of the accuracy of solutions to the optimality system (9)

without constraints on the control is discussed. The last equation in (9) then becomes

v; B} Bju; — B;p; = 0, which we can use in the first equation of the system to eliminate the
control variable u. After discretization, we have the following discrete optimality system:

~Apy" — Bl — Biub = " in Q, (19)

9



~Nppt -yt = 2 in Qy, (20)
—Apph +y" = 2 inQy, (21)
BB — B ph = 0 in Wh1, (22)
wBY Biul — Bl pl = 0 in wp,, (23)

where f* = R, f and z = haj
We assume from now on that the discrete linear operators B]h are injective, i.e. of full
column rank. This corresponds to the coercivity condition of B} B; used in Proposition
3.1. We then define
Q" .=BNBBHB,  j=1,2
Notice that the Q;‘ are projectors onto L?(wy). It follows that the I;, — Q;‘, j =1,2 are
also projectors. We have

Next, we use this fact to eliminate the control variables from the optimality system. For
simplicity, we take v = 15 = v; we obtain

-V Ahy - Q1 p1 Qz p2 = th in €y, (24)
—Ahpl +yh = 20 in Qy, (25)
—Apph oyt = 2 in Q. (26)

For the purpose of our analysis, we add and subtract p? and p} in (24) and consider the
L?-inner product of this state equation with the state variable. Further, we consider the
LZ-inner product of the first adjoint equation with pf and of the second adjoint equation
with pf. We then obtain

v(=2ny" y") 2 — 010" 2 — (05, 0") 12

H((L = QN Py e + (= Q) P53 y") e = v(™ 9"z, (27)
(_Ahp?>p?)Li + (yh>p?)Li = (Z{L>p?)Li> (28)
(—Anph, o) 2 + (P2 = (25.05) 2. (29)

Summing up the three equations (27), (28), (29), we get
v(=Any", yh)Lg + <_Ahp?vp?)Li + (—Ahpg,pg)L%
+ (I = QD) 1y vz + ((In — Q5) pb,y")12
= v(f"y")e + (210 + (25, 05) 12

Noting that (—Apvp,vn)rz = (Vivn, Vavs)pz = S22 |07 vn)?, recalling that I, — Qris a
projection operator, and using the Cauchy-Schwarz inequality yields

V|V 5+ IVapi o+ IVips s < vl loly"lo+ 12t lo [P0 + 125 lo [5 10 + 4" |o [P o + [0 [P5o.

where the operator Vy, is defined by V, f 1= (81_ f.05 f ) Now, we need the following result
from [33].

10



Lemma 4.1 (Poincaré—Friedrichs inequality for finite differences) For any grid func-
tion vy, there exists a constant c¢,, independent of v, and h, such that

2
[onlg < e Y 105 o3, (30)
i=1
Lemma 4.1 immediately gives

1
o {vly"ls + ptls + Ips[5} < vIfo1y"lo + 2110 [ptlo + 2|0 [P5]o + 14" 1o [PT1o + |y"[o [P5]o
Applying the Cauchy inequality |ab| < % + % and assuming c, sufficiently small, we obtain
vly" 5 + 115 + 515 < e (L5 + 12015 + [2315) . (31)

where c is a positive constant depending on v and c,.

Using (31), we are now able to determine the degree of accuracy of the optimal solution.
For this purpose, notice that (24)—(26) hold true with 3" pf, and p? replaced by their
respective error functions, and with f* and 27 and 2 replaced by the truncation error for
Ay, estimated by (18). These statements are summarized in the following theorem where
we explicitly consider possibly different v and vs.

Theorem 4.2 Let y € C4(Q), and p € C*(Q), be solutions of (9) without constraints
on the controls, assume B;-‘ has full column rank, and let y", p?, and pl be solutions to
(24)—(26). Then there exists a constant ¢, depending on Q, and independent of h, such that

1 1
ly" — Ruyls + o Pl — Rupa g+ " Py — Rupaly < ch? (Hy”?yi(()) + I llEa@) + ||P2||é4((z)> :

Remark 4.3 The second-order accuracy estimate stated in Theorem 4.2 can also be
proved in the context of finite differences assuming y,p € H}(Q) N H3(Q); see [3]. In
the context of finite elements, we could prove that the same order of accuracy holds with
y,p € H} () N H?(Q).

Theorem 4.2 states second-order accuracy of the solution of the finite-difference approxi-
mation to (9) assuming no constraints on the control. On the other hand, in the presence
of active constraints, the analysis given above does not hold. In this case, in the context
of finite differences and using the analysis given in [2, 25] it is possible to prove only a
first-order accuracy estimate. In the context of finite elements it would be possible to
extend results given in |26, 31, 34|, for the case of single-objective optimization, to prove
O(h?) convergence for the state and the adjoint variables and O(h*?) for the constrained
control variables.

11



5 The Semismooth Newton Method

In this section, we discuss the semismooth Newton method to solve our discrete multiob-
jective optimal control problem. Alternatively, it might be possible to develop an infinite-
dimensional semismooth Newton method like in [17, 19, 35] in other contexts. Here, how-
ever, we follow the first discretize then optimize approach [18]. We assume a square domain
with a uniform grid with mesh size h = 1/(N 4 1) > 0 where N is the number of interior
grid points in one direction. For simplicity of notation, we write By, Ba, uy, us, . . . instead
of B, By, ul,ub, ... That is we omit the superscript h for the discretized matrices and
vectors. Notice that the finite-difference matrix A of the negative Laplacian is nonsingular,
and therefore we have the following

A’y = Biuy + Bous + f — Yy = A_lBlul + A_lBQUQ + A_lf.

Correspondingly, the discretized reduced objectives are given by

A

1 v
Ji(ur,up) = 5”’4_131% + AT Byug + ATHf — 2[5+ §1||31U1||§ and

~

Ly - _ _ v
Jo(ur, ug) = 5”14 'Biuy + A™' Byuy + A 1f—22||§+52||Bzu2||§,

respectively, whereas the (box) constraints of the controls u; and uy read as follows

g (u1, ug) = < h—u ) <0 and ¢*(u1,ug) := < b — uz ) <0.

Uy —n Uy — T2

Now, consider the following optimization problem

min jl(ul,UQ) s.t. ll — Up S 0, Uy — 7 S 0.
u1

The Lagrangian of this problem is given by
1 v Ao\ ([ h—u
_ _ _ 1 1 1— Uy
§HA 1Blu1 —I—A 1BQU2 —I—A 1f — 2’1||§ —+ §||Blu1||§ + ( )\T1 ) < Uy — 7y ) 5
with suitable Lagrange multipliers Al;, Ar;. Hence, the KKT conditions are as follows
B{A_l [A_lBlul + A_lBQUQ + A_lf — Zl} + l/lB{Blul — Ay + A = 0,

hy—u; <0, ANii >0, Mi[h;—u,] = 0 Vi,
Uy — 711, <0, Ar; >0, Argllhy —wi] = 0 Vi

Similarly, for the control uy we obtain the corresponding KKT conditions

By AT'MAT' Biuy + AT ' Boug + AT f — 29] + 12 By Bouig — Ay + Ary = 0,
lo; —ug; <0, Mgy >0, Maj[la; —ug) =0 Vi,
Ui — 123 < 0, Arg; >0, Arg[ug; —r9,;] =0 Vi

12



with suitable multipliers Als, Ary. Introducing slack variables wly, wr; for control 1 and
wly, wre for control 2, we obtain from the definition of y the combined KKT conditions

BIA Yy — )] + viBI Biuy — Ay +Ary = 0,
BgA_l[y — 2] + VQB;FBQUQ — Ay 4+ Arg = 0,
Ay — Biuy — Byug — f = 0,

lh—u+wlh = 0,

u —ri+wr; = 0,

lo —us +wly, = 0,

Uy — o +wry = 0,

wlio ANy = 0,

wryoAry = 0,

wlyo Ny = 0,

wre o A\rg = 0,

wly, wry, wly, wry, Ay, Ar1, Mo, Arg > 0

where o denotes the Hadamard (componentwise) product of two vectors. Similar to (8),
we next define the adjoint variables

P o= —A_l[y — Zl] and P2 = _A_l[y - Z2]7

respectively. Then we can write the combined KKT—conditions as follows:

vi Bl Biuy — B{py — My + Arp = 0,
vaBj Bauy — Byps — My + Ary = 0,
Ay — Biuy — Bous — f = 0,
Apr+y—2=n = 0,

Apa+y—2 = 0,

lh—u+wlh = 0,

u —r1+wry = 0,

lo —us +wly = 0,

Uy — 19 +wry = 0,

wlioAl; = 0,

wryoAr; = 0,

wly oAl = 0,

wro 0 Aryg = 0,

wly, wry, wly, wre, Xy, Ary, Mo, Arg - > 0.

Here, the dimensions of the corresponding data and the variables are (with n = N?):

AER™ B eR”™, B,eR™,

13



fip1,p2 € R™, wg,wly, wry, My, Arp € R™, ug, wly, wry, Mg, Arg € R,
The vector of variables is
2= (Y, w1, Uz, P1, P2, A, Ary, Mo, Arg, wly, wry, wly, wrs).

Now, let
0:R*— TR, oa,b):=vVa2+b—a—0b

denote the Fischer-Burmeister-function introduced in [13|. It has the important property
that
o(a,b)=0<=a>0,b>0, ab=0.

Hence the combined KKT—condition can be rewritten as an unconstrained system of non-
linear equations

where H : R — R? is defined by

H(y, w1, ug, pr1, D2, A, Ary, Ao, Arg, wly, wry, wly, wry) i=

v1 B Biuy — BT py — \ly + Ay
vo BT Byuy — B py — My + Ary
Ay — Biuy — Byug — f
Apr+y—=
Aps +y — 2
I —uy +wly
Uy — 1 +wry
lg — Ug + wlg
Uy — T + Wy
¢()‘llv wll)
d(Ary, wry)
¢(Al2, 'UJZQ)
d(Arg, wrg)

with

d(a,b) == (p(ar,b1),...,¢(am,by)) for m € {ny,na}.
Since ¢ is nonsmooth, the mapping H is also nonsmooth in general. However, we have the
following result that can be derived in a standard way.

Theorem 5.1 The mapping H is strongly semismooth.

The semismooth Newton method from [27, 28] can therefore be applied to the system of
equations H(z) = 0. In order to present a globalized version of the locally convergent
semismooth Newton method, we will also exploit the corresponding merit function

W(e) = S |H )
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Despite the nonsmoothness of H, it turns out that this merit function is continuously
differentiable. We formulate this in the following result whose proof is again standard and
therefore omitted here.

Theorem 5.2 The merit function ¥ : R? — R is continuously differentiable.

Exploiting the smoothness of W, we are now able to restate the globalized semismooth
Newton method from [7]|, adapted to our context. (In this and the next two sections A
denotes differences and not the Laplacian operator.)

Algorithm 5.3 (Globalized Semismooth Newton Method)

S.1) Choose a starting point 2° = (y°,u%,uY, ..., wrY), parameters p > 0,p > 2,3 €
15 Ug 2

(0,1),0 € (0,1/2),e > 0, and set k := 0.
(5.2) If |V (2¥)|| <e: STOP.
(5.3) Choose an element Vj, € OH (2*).

(S.4) Compute a solution Az* of the linear system of equations Vi,Az = —H (2*). If this
system is not solvable or the solution does not satisfy the sufficient decrease condition

VU(RTAZE < —p||AZF||P, then set AzF := -V (2F).
(S.5) Compute a stepsize t, = max{3° | £ =0,1,2,...} satisfying the Armijo condition
U7 4 1, AZ%) < U(2P) + o, VI (M) T AR
(S.6) Set 2F+1 = 2k + A% k «— k+1, and go to (S.1).

The corresponding local and global convergence result from |7], once again slightly adapted
to our case, then reads as follows.

Theorem 5.4 The following statements hold:
(a) Algorithm 5.3 is well-defined.

(b) Every accumulation point of a sequence {2*} generated by Algorithm 5.3 is a station-
ary point of U.

(c) If an accumulation point Z of the sequence {z*} is such that all matrices V € OH(Z)
are nonsingular, then % is a solution of H(z) = 0, and the sequence {z*} convergence
locally quadratically to Z.

The previous result raises the following important questions: 1) Is a stationary point of
U already a global minimum, hence a solution of H(z) = 0 and, therefore, also a solution
of our (discretized) Nash equilibrium problem? 2) Are all matrices V' € 0H(Z) at a
solution z automatically nonsingular? These two questions will be discussed in detail in
the subsequent two sections.
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6 A Stationary Point Result

The aim of this section is to show that a stationary point z* of the merit function ¥
is already a global minimum of this function, hence a solution of the nonlinear system of
equations H(z) = 0 and, consequently, also a solution of the (discretized) Nash equilibrium
problem. In view of Theorem 5.4, it then follows that every accumulation point of a
sequence {z*} generated by Algorithm 5.3 is a solution of the Nash equilibrium problem.

In order to prove the main result of this section, we need the generalized Jacobian of the
mapping H. To this end, we first recall that the convex subdifferential (which is identical
to the generalized gradient in this case) of the Fischer-Burmeister-function at an arbitrary
point (a,b) € R? is given by

a b :
dp(ab) = \Tawl ~ b @or — 1) if (a,0) # (0,0), (32)
{(¢=1,¢=1) | &, Olla < 1}, if (a,b) = (0,0).
Then we write D%, Dllf for the diagonal matrices
D! = diag (a},...,alt), Dy =diag (b},... b))
with diagonal elements (ai-l, bﬁl) € 0p(Aly i, wly ;) for all i = 1,...,ny. In a similar way, we

define the corresponding diagonal matrices
D', D;*, D2 D> Dr2 D2,

In view of the previous representation of the subdifferential of ¢, it follows immediately
that all diagonal matrices are negative semidefinite, and that the sum of each pair like
(Dfll, Dél) is a negative definite diagonal matrix since the diagonal elements at the same
position cannot be equal to zero at the same time. This simple observation will play some
role in our subsequent analysis.

Using standard calculus rules for nonsmooth mappings from [6], it is now easy to see
that each element V' € 0H (z) has the following structure:

O wBf'B, 0 -Bf 0 —-I +I 0 0 0 0 0 O
0 0 wBIB, 0 -BYf 0 0 —-I +I 0 0 0 O
A —-B — B, 0 o 0 0 0 0 0 0 0 O
I 0 0 A 0 O O 0 0 0 0 0 0
I 0 0 o A 0 O 0 0 0 0 0 0
0 I 0 0 o 0 0 0 0 +I 0 0 0
0 +I 0 0 o 0 0 0 0 0 +I 0 0
0 0 —I 0 o 0 0 0 0 0 0 +I 0
0 0 +1 0 O 0 0 0 0 0 0 0 +I
0 0 0 0 O D+ 0 0 0 Dr 0 0 0
0 0 0 0 O 0 Dr 0 0O 0 D 0 0
0 0 0 0 O 0 0 D= 0 0 0 D2 0
0 0 0 0 O 0 0 0 Dz 0 0 0 Dp

—_
(=}



We know from the previous discussion that all the diagonal matrices D%, Dél etc. occur-
ing inside this matrix V' are negative semidefinite. For the moment, we now assume, in
addition, that

Dl Dllf, D', Dy, D', Dllf, D2, D;? are negative definite, (33)

hence nonsingular. In general, this assumption does not hold, but we will see later how to
exploit this condition in the main result of this section.

Proposition 6.1 Given an arbitrary point

&= (y,U17U27P17P2, Aly, Ary, Mg, >\7”27?U11,UJ7’1,WZ2,U)7“2)

satisfying (33), each element V' € OH(z) of the generalized Jacobian of H at this point is
nonsingular.

Proof. We consider the homogeneous linear system of equations V' - Az = 0 with
Az =: (Ay, Aul, AUQ, Apl, Apg, A)\ll, A)\’f’l, A)\lg, A)\’f’g, A’LUll, A'LU’I"l, Awlg, Aw’f’g) (34)

being appropriately partitioned. Taking into account the special structure of an arbitrary
element V' € 0H(z), this can be rewritten as

BT B Auy — BFApy — AN, + Ay = 0, (35)
vy BI ByAuy — B Apy — ANy + AXry = 0, (36)
AAy - BlAul - BQAUQ = 0, (37)
Ay + AAp; = 0, (38)
Ay + AAp, = 0, (39)
—Aul + A’LUll = 0, (40)
Auy + Awr;y = 0, (41)
—AUZ + A'UJZQ = 0, (42)
Aug + Awry = 0, (43)
DIANL + D Awl, = 0, (44)
DI*"AXry + Dyt Awry = 0, (45)
DE2AMN, + D Awly, = 0, (46)
D2ANry + D> Awry = 0 (47)
Using (40)—(43), we obain
Awly = Auy, Awry = —Auy, Awly = Auy, Awry = —Aus.
Substituting these expressions into the remaining equations yields
v Bl BiAuy — BY Apy — AN, + Ay = 0, (48)
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VngBQAUQ — BgApQ — A)\lz + A)\TQ

AAy - BlAul - BQAUQ

DU AN, + Dyt Auy
D*AXry — Dyt Auy
D2AN, + D2 Auy
D2 A)ry — Dy? Auy

I
00 00 o oo

(G2 SN BN
_ O O

A~~~ N /N~
ot Ot Ot Ot
T = W N

M — — — Y ~— ~— ~—

—~
[
D

Exploiting assumption (33), we may further solve equations (53)—(56) with respect to

A)\ll, A)\Tl, A)\ZQ, A)\’f’g and obtain

AN
AAry
ANy
ANry

—(D)™' Dy A,
(Dy) " Dy A,
_(Dtlf)_lDézAu?v
(D)1 D)2 Aus,.

Replacing these terms in (48)—(52), we get

v BT By Auy — BY Apy + (D) ™'Dl Auy + (D™Dt Auy =
vy BY ByAuy — BF Apy + (D2) 7' D2 Auy + (DI2) ' D Auy =
AAy — BiAuy —
Ay + AAp, =
Ay + AApy, =

Note that (57) and (58) can be reformulated as

(nB{ By + Dy)Au; — Bl Ap; =
(1uBj By + Do)Auy — By Apy =

BQAUQ =

o o o oo

0,

with suitable positive definite diagonal matrices Dq, Dy. Since A is nonsingular, it follows

from (60) and (61) that

Apl = _A_lAyv

Inserting this into (62) and (63), we get

(BI B, + Dy)Au, + BT AT'Ay =
(VngBg + DQ)AUQ + BgA_lAy =

Furthermore, we obtain

Ay = A_lBlAul + A_lBQAUQ

18
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from (59). Substituting this expression into (64) and (65) yields

(BB, + Dy + BTAT'A™'B))Auy + BTAT' A ByAuy, = 0,
(VQB{BQ + D2 + BgA_lA_lBg)AUQ + BgA_lA_lBlAul = 0.

In matrix—vector notation, the previous two equations are equivalent to

l/lB?Bl + D + B?A_zBl B?A_zBQ Aul o 0
BgA_zBl VQBgBQ + Dy + BgA_zBQ AUQ - ’

which, in turn, can be rewritten as

VlB?Bl + Dy 0 4 B? 0 A2 A2 B 0 Aul . 0
0 VngBQ + Doy 0 Bg A2 A2 0 By Ay ~\0/~
Now the first matrix is obviously positive definite. We claim that the second matrix is
positive semidefinite. To this end, it remains to show that

A2 A2
is positive semidefinite. To see this, first recall that A is symmetric positive definite. Hence

the inverse A™! is also symmetric positive definite. Therefore, letting d = (dy,dy) € R*®
arbitrary and writing p = (p1,p2) := (A71dy, A71dy), it follows that

T 4T A2 A2 d; T 4—2 T 4—2 T 4—2
(dl y d2 ) -9 -9 = dl A_ dl + le A_ d2 + d2 A_ d2
A A do

PLp1+ 207 P2 + PE Do
(p1 + p2)T(P1 + pa)

= |lp1 +p2ll3
> 0.

Hence we obtain (Auy, Auy) = (0,0). This, in turn, successively implies Az = 0 so that
the generalized Jacobian is indeed nonsingular. 0

The previous result allows us to apply a standard trick from [12]| in order to show that
every stationary point of ¥ is already a global minimum of this function and, therefore, a
solution of the Nash equilibrium problem.

Theorem 6.2 FEvery stationary point z of the merit function ¥(z) = %HH(Z)H2 is a
solution of the Nash equilibrium problem.

Proof. Using Clarke’s generalized chain rule, it follows that 0 = VW¥(z) = VT H(z) for
some matrix V € 0H(z). Now, we can assume without loss of generality that assumption
(33) holds since zero entries in one of the diagonal matrices from (33) can only occur if the
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corresponding entry of the vector H(z) is zero, hence these entries of the diagonal matrices
can be modified without changing the gradient. Hence, Proposition 6.1 implies that V is
nonsingular. However, the nonsingularity of V together with 0 = VT H (%) immediately
gives H(z) = 0. This, in turn, implies that the corresponding components of z are a solu-
tion of the underlying Nash equilibrium problem. U

7 A Nonsingularity Result

Here we want to show that all matrices V' € 0H (Z) are nonsingular at a solution z. In view
of Theorem 5.4, this implies that the semismooth Newton method is locally quadratically
convergent.

To this end, we state the following assumption.

Assumption 7.1 The matrices B; and By have orthonormal columns, i.e. it holds that
BIB, =1,, and BIBy, = I,,,.

This assumption holds, for example, for

Bl;:<181), 32::(122). (66)

This is precisely the situation that we will consider in our numerical experiments, and it is
the only case discussed in [29] (where, however, the controls u; and uy are unconstrained).

Now, let Z = (y, uy, ug, p1, P2, Al1, A1, Ao, Are, wly, wry, wla, wry) be a solution of H(z) =
0, and let V € OH(Z) an arbitrary element from the generalized Jacobian of H at z. Then
V' has precisely the structure as indicated before Proposition 6.1 except that, in addition,
we have BI By = I,,, and BB, = I,,, in our particular situation, cf. Assumption 7.1.
We need to show that this matrix V' is nonsingular, and we want to verify this statement
without the additional condition from (33). Unfortunately, the proof is quite involved and
needs some technical notation.

To this end, we first recall that Z being a solution of H(z) = 0, we, in particular,
have that w; is feasible, hence, for any index i € {1,...,n;}, we either have uy; = Iy,
(the variable is equal to the lower bound) or wy; € (ly;,71;) (the variable is inactive) or
u1,; = r1,; (the variable is equal to the upper bound).

In the first case, where u;; = [; ;, we automatically have wl; ; = 0 and wr;; > 0, which
in turn implies Ar;; = 0. Since Al; > 0, we therefore have the two subcases Al;; > 0 and
Aly; = 0. On the other hand, the second case uy; € (I1;,71,;) automatically gives wl;; > 0
and wry; > 0 which, in turn, yields Al;; = 0 and Ary; = 0. Finally, in the third case
uy; = r14, we have wry; = 0 and wl;; > 0, which then gives Al;; = 0. Using Ar; > 0,
there are the two remaining subcases Ar;; > 0 and Ar;; = 0. Summarizing this discussion,
we see that the following five index sets form a partition of the set {1,...,n;}:

[ {Z ‘ )\ll,i > 0, wll,i = (0 and )\Tl,i = 0, wry; > 0},
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B {Z ‘ >\ll,i =0,
o= {i|Ay; =0,
o = {i|Ay,; =0,
er = {i|Ai; =0,

A similar reasoning applied to the control us shows that the subsequent index sets form a

partitioning of the set {1,... ,nsy}:

wly; =0and Ary; =0,
wly; >0 and Arq; =0,
wly; >0 and Ary; >0,
wly; >0 and Ary; =0,

Wwry,; > O},
wry; > O}
wry,; = 0},

wry,; = 0}

v {i| Xs; >0, wly; =0 and Ary; =0, wry; > 0},
By = {z | Ala; =0, wly; =0 and Arg; =0, wry; > O},
Yo {i| Ma; =0, wly; >0 and Ary; =0, wry; > 0}
09 {z | Ao =0, wly; >0 and Arg; >0, wry; = 0},
€y = {z | Ao =0, wly; >0 and Arg; =0, wry; = 0}.

Next, we recall that the generalized gradient dy(a,b) of the Fischer-Burmeister-function
is given by (32), and that the diagonal matrices D!, ... D;? are defined by

DY =diag(a¥,...,all),  Di =diag(d},...,0)  with (al*,b}) € dp(Nys, wiy ),
D' = diag(al,...,a}),  D;' =diag(b',...,0 )  with (a]',b]") € dp(Ary;, wry),
D2 = diag(a?,...,a?), Dy = diag (b2, ...,b"2) with (a2, b?) € 0p(Ny, wls,),
Dp? = diag(al?,...,a2),  D;*=diag(bi?,...,b2)  with (a}*,b*) € Op(Ara;, wray).

Taking into account the definition of these index sets as well as the particular structure
of the subdifferential dy, we immediately obtain the following representation of the above
diagonal matrices.

Lemma 7.2 The diagonal matrices D%, ij, D', Dyt have the following diagonal entries:

Qaq b1 gi! 01 €1
D% Oalal * _1’71’71 _15151 _I€1€1
Db _Ialal * 071’71 O5151 06161
D:Ll _Ia1a1 _Iﬁlﬁl _I’Yl’Yl 05,61 *
Dl:l Oaion 05151 O’Yl’h _15151 *

Similarly, the diagonal matrices D', Dllf, D72, D;? consist of the following entries:

Qo Ba 72 02 €2
DZ Oazaz * _I’Y2’Y2 _15252 _I€2€2
Db _[azaz * 072’72 05252 06262
D¢T12 _[azaz _Iﬁ2ﬁ2 _I’Y2’Y2 05252 *
Dl? Oazaz 0ﬁ2ﬁ2 072’72 _15252 *

Here, x stands for a negative semidefinite matriz whose precise entries do not matter.
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In order to understand the meaning of the two tables from Lemma 7.2, let us take a closer
look at the diagonal matrix D!, for example: Then the first line of the first table means
that the subblocks of this diagonal matrix are given by

[Dtlll}alal - 00‘10‘1’ [Dfll}»yl«ﬂ = _]71717 [szl}gl(gl = _]51517 [szl}elel = _151517

whereas the block entry {D,ﬂ 5161

nothing else can be said). The other lines in the two tables have to be interpreted in a
corresponding way. This particular structure of the diagonal matrices will play a central
role in our subsequent analysis.

We now consider the homogeneous linear system of equations V' - Az = 0 and partition
the vector Az in exactly the same way as in (34). Following the proof of Proposition 6.1,
we arrive at (48)—(56). From that point on, we have to change the proof since condition
(33) does not hold any longer. To this end, we first observe that (51) and (52) immediately
give

has no special structure (it is negative semidefinite, but

Ap; = Apy =: Ap and, therefore, Ay = —AAp. (67)
Substituting this into (50) yields
—A2Ap — BlAul - BQAU/Q = 0.

Taking into account Assumption 7.1, system (48)—(56) thus reduces to

viAu; — BIAp — AN + Adry = 0, (68)
voAuy — BEAp — AMNy 4+ Adry = 0, (69)
A2Ap + BlAul + BQAUQ = 0, (70)
DUAN, + D Auy = 0, (71)
DzlA)\’f’l - DglAul == 0, (72)
D2AMN, + DPAuy, = 0, (73)
DZ;QA)\TQ - DZQAUQ = 0. (74)
Solving (68), (69) for Au; and Aus, respectively, we obtain
1
Au; = — (B Ap+ AXy — Adry) (75)
1
1
Auy = — (B3 Ap + Ay — Adrs) . (76)
2
Inserting these expressions into (70) and rearranging terms gives
1 1
MAp + V—Bl(mz1 — AXry) + —B, (Al — AXrs) =0, (77)
1 2
where, for simplicity of notation, we put
1 1
M :=A?*+ —B, B + —B,BY. (78)
v Vv
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We next replace Auy, Auy from (75), (76) also in equations (71)—(74) to obtain

Dy AN + — Dll (BT Ap+ ANy — Adry) = 0,
DI A)ry — —Dgl (B Ap + ANy — Adry) = 0,
Dz AN + — Dl2 (BT Ap+ AXy — Adry) = 0,
D2 A)ry — —D” (B3 Ap + Ay — Adry) = 0.

Reordering terms, system (68)—(74) therefore reduces to
1 1
MAp + —Bl(mz1 — Am) + B (AN — AXry) = 0,
1
— Dh Bf Ap+ (DL + Dll)A)\ll —D y AN = 0,
I 1
——D”BTAp + (D; + D”)A)\rl — —D“AM1 = 0,
1
—Dl2BTA + (D2 + fo)A)@ — —D Adry = 0,
——D”BTA + (D + DTZ)A)\TQ D’"ZA)\lg = 0.

Let us define
Aq = B?Ap, Agy = BgAp (79)
as well as
! l 1 l r r 1 r 1 l 1 l T r 1 r
D" :=D}+ —D,), D":=D*+—D;', D?:=D2+—Dp?, D"™:=D?+—D,>.
141 141 12} 1)

Noting that these diagonal matrices are nonsingular (in fact, negative definite) and denoting
by
D™ D™ D72 D" the inverses of D%, D" D2 D",

respectively, our linear system can be rewritten as

0 = MAp+ VlB1 (AN — AXr) + %Bg(ng — A)ry), (80)
AN = Vllp "Dy (AN — Aqy), (81)
AXr = V—lp—"ngl (AN + Aq), (82)
ANy = V%D‘l?fo (AXry — Ags), (83)
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1
AXry = —D D (AN + Ags). (84)

Vo

We now exploit the fact that the vector z under consideration is a solution of H(z) = 0.
Hence, the index sets «;, 5;,7i, 0;, &; form a partition of the set {1,...,n;} for i = 1,2.
Therefore, considering equations (81), (82) for each of the blocks «q, 31,71, 01,1 as well
as equations (83), (84) for each of the block components ay, 82,72, d2, €2 separately and
exploiting the special structure of the diagonal matrices from Lemma 7.2, we obtain

A, = =[P, (4], - [8a,,).
AN, = [0 (D8], ([N, — [Ba,).
[ANL], = [AN], = [AN], = 0.

[A)ﬂ"l}al = [A)\Tl]ﬁl = [A)\rl} = 0,

Ay, = =[P (8], + [Aa],).
], = (D] D), (AN, + [Ba]),
ANL],, =~ (D7, (8], - [Bel,)
(AL, = [0, (D8], (8], — [Ba]).
(AN = [ANL], = [ANL], =0,

[A)\’l"g} - = [A)\’l"g]
1

8 = [A)\’T’Q} = 0,

[AAT?}JQ = _V_2[D_ }55 ([A)‘l2] [AQOz),
ANl = (D7 D], (AN],, + [Be].).

Taking into account that several block components of AXy, AAry, AXls, AXry are equal to
zero, we may further reduce the nontrivial terms to

1
[A)\l1:|a1 = V_l [D_ll]alal [Aql}C\ﬂ,
1 -l
[AAZI]Q - _V_1 [D l }5151 [D ],31,31 [AQ1]
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[AA“]m = T [D_T1]5161 [Aql]alv
1 —r1 r1
[AAT1]51 = V_l [D :|5151 |:Db :|5151 [Aql]sl’
1
[AML],, = —[D7"],,,,[Ae],,.
%)
1 —l2 2
[A)\lﬂﬁz - _]/_2 [D l }5252 [Dé }5262 [Aqﬂﬁz’
1 .
[A>‘T2]52 = T [D ]5252 [Aq2]52’
1 r
[A>\T2]62 = y_2 [D_7"2:|€2€2 [Db :|€2€2 [AQQ]€2.
Hence we obtain
A)\ll — A)\’l“l = AlAql and A)\lg — A)\’l“g = AgA(]g (85)

with diagonal matrices A; and A, given by

1 . _ _ - —r r

Al = V_ldlag <[D ll]alal’ _[D ll]ﬁlﬁl I:Dll71:|ﬁlﬁ1’071V17 [D 1]5151’ _[D 1:|€1€1 |:Db1:|€1€1) )
1 . _ _ —r —r r

Ao = V_2d1ag <[D l2] azaz’ [D 12] B282 [Dll’z} B2’ 07272’ [D 2] 52827 [D 2} €2e2 [Dbz} 6252) ’

The central property of these two diagonal matrices are summarized in the following result.

Lemma 7.3 The matrices I + Ay and I + Ay are both positive semidefinite.

Proof. We verify the statement only for the matrix I 4+ A; since the proof is similar for
the second matrix I + As. To this end, we take a closer look at the block components of
the matrix A; corresponding to the blocks defined by the index sets a1, (81,71, 01, and &1,
respectively. We have to show that all entries of the diagonal matrix A, are greater or
equal to —1.

First, consider the elements from the index set ;. The definition of the matrix D"
together with Lemma 7.2 then shows that 1711 [D_ll}alal = —I4,0,- Next, for the index set
(1, we can argue as for the index set 1, see below. The diagonal elements of A; belonging
to the index set v; are equal to zero by definition. Using Lemma 7.2 once again, we
immediately see that the d;-block is given by Vil [D‘”] suoL = —Is,5,-

Finally, let us consider the block corresponding to the index set €1, and take an arbitrary
element ¢ € ;. The definition of the matrix A; shows that the diagonal element d;
belonging to this index is given by

1 1 G —1

LYo T hime -9
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for some vector (&;, (;) satisfying ||(&, ¢;)|| < 1. An elementary calculation then shows that
d; > —1 holds. Altogether, this completes the proof. O

We are now in a position to verify the nonsingularity of the given matrix V' € 0H(z). To
this end, let us come back to equation (77). Exploiting (85), we obtain

1 1
MAp + —BlAlAql + —BQAQAQQ =0.
n V2

In view of the definition (79) of the two vectors Ag; and Age, this may be rewritten as

1 1
(M + —B1A1Bif + —B2A2B§) Ap = 0.
1%} Vo

Recalling the definition (78) of M, this is equivalent to

1 1
<A2 +—Bi(I + M) Bl + —Ba(I + Az)BzT) Ap =0.
1 2

Since A and, therefore, also A? is positive definite, it now follows from Lemma 7.3 that
Ap = 0. By definition, this means that Ap; = 0 and Ap, = 0, which in turn also gives
Ay = 0, cf. (67). Furthermore, it also follows from (79) that A¢; = 0 and Ag, = 0. This
immediately gives ANy = 0, AAr; = 0, AXy = 0, and Alry = 0. Hence (75), (76) yield
Au; = 0 and Aus = 0. Finally, this also gives Awl; = 0, Awr; = 0, Awly, = 0, and
Awry = 0. We have thus proven the following result.

Theorem 7.4 Let Z be a solution of H(z) = 0 such that Assumption 7.1 holds. Then all
elements V € OH(Z) are nonsingular.

Recall that Theorem 7.4 is highly important since it guarantees the local quadratic con-
vergence of the semismooth Newton method applied to H(z) = 0. Hence, together with
Theorem 6.2, it follows that Algorithm 5.3 has very nice global and local convergence
properties.

8 Numerical Results

We validate our globalized semismooth Newton scheme (Algorithm 5.3 in MATLAB) using
the stepsize parameters ¢ = 107% and 3 = 0.5 as well as the termination parameter
e = 1078, Since we never observed singularity problems, we always took the Newton-
type direction and remove the switching to the antigradient direction from Algorithm 5.3
in our implementation. We use Q = (0,1) x (0,1), the matrices By and B, from (66),
and the starting point 2° = 0. We tested several examples with different choices of the
stepsize h = 1/(NN + 1), the lower and upper bounds [, 71, [y, 79, the weights vy, v, the
target values zp, 2o, and the right-hand side f. Our method was able to solve all cases
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with typical Newton efficiency and showing robustness with respect to the optimization
parameters.

For the purpose of validating the accuracy of the computed optimal solution, we define
the following test case with known analytical solution. We have

y(r) = sin(mwzy)sin(mzs),
pi(x)
po(z) = sin(3mz)sin(3mzs).

sin(27xy ) sin(2mxs),

Then set
z1(z) = y(z) — Api(z) and  z(x) :=y(z) — Apa(x).

Now, using
. 1
ui(z) = max ll,mln{rl,—prl}}, (86)
n
ug(r) = max

{
{

f(z) == —Ay(z) — Biuy(z) — Baus(z),

: L,
l2a min {7’2, V_232p2}} (87)

and, finally,

it is not difficult to see that u;, us satisfy the optimality conditions from (9), hence u;, us
are the optimal controls and y the optimal state, i.e., the example is constructed in such a
way that we know, a priori, the solution of the underlying Nash equilibrium problem.

We illustrate different properties of our semismooth Newton method by looking at this
test case from different perspectives. For all test runs, we take the lower bounds /; equal to
—0.5 and the upper bounds 7, equal to +0.5. As can be seen from the corresponding figures,
this choice guarantees that the constraints on the controls are active in certain regions.
Furthermore, we use 11 = v, = 1 for our first set of test runs where we want to investigate
the behaviour of the semismooth Newton method when the dimension increases. Table
1 summarizes the results that we obtained using different step sizes h = 1/(N + 1), N €
N. More precisely, we report the function values W(z*) at each iteration for different
discretizations. The resulting optimal controls w; and wuy are shown in Figure 1 for the
case N = 64. As can be seen from Table 1, the number of iterations remains essentially
constant and therefore mesh-size independent.

Next, we take the same data and investigate the behaviour of the errors

*

i —ullo,  |up—uflo, |y =0,

where u},y* denote the (known) continuous optimal solution, evaluated at the discrete

points, and u{ .,y are the approximate solutions at the final iterate. Table 2 presents
these errors for different discretizations. The results show that, doubling the dimension /V,
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k N =16 N =32 N =64 N =128

0 | 1379566.3890632149 | 5198447.9808923909 | 20168480.847509615 | 79437620.7950397581
1 144.6654260953 573.1040391275 2283.3415965325 9117.1902512238
2 6.1186669271 22.4315506473 87.0916543274 344.1033825083
3 1.1705448216 3.0182299762 15.3555186035 62.5034453387
4 0.0494094196 0.1134067727 0.6388759404 2.6232961841
S 0.0010851899 0.0019904354 0.0137002072 0.0571646369
6 0.0000026786 0.0000025625 0.0000207808 0.0000826226
7 0.0000000018 0.0000000003 0.0000000060 0.0000000199
8

0.0000000000

Table 1: Function values W(2*) for different discretizations

Optimal control B2*u2

Optimal control B1*ul
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Figure 1: Computed optimal controls Bjuy, Bous for N = 64

i.e. halving the stepsize h, results in an accuracy that is about four times better. This is
consistent with the second-order error estimate given in Theorem 4.2, although the controls
are active and a lower degree of convergence of the controls could be expected.

Finally, we take a look at the behaviour of our method for decreasing values of the
regularization parameters 1vq,15. To this end, we take the same test problem data as
before, using the fixed discretization N = 64, and let vy = 1, =: v go down from v = 1
to v = 1078, The number of iterations needed by our semismooth Newton method are
reported in Table 3. The number of iterations increases slightly, but eventually stays
constant, using nine iterations for all sufficiently small values of v;.

In fact, the method is able to solve the resulting problem also in the limiting case
v1 = v = (0 in nine iterations, though this case is not covered by our theory. More precisely,
in this case we cannot use (86), (87) to construct the functions wuy, us. Therefore, we take
small positive values v; = 15 := 1071 to define these functions, just to get a suitable test
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error N =16 N =32 N =64 N = 128
lui — ul|o | 0.0015673656 | 0.0004297785 | 0.0001122424 | 0.0000285216
|y — udlo | 0.0035529235 | 0.0010132386 | 0.0002515317 | 0.0000649400
ly* — yf|o | 0.0014315618 | 0.0003772036 | 0.0000971426 | 0.0000246742

Table 2: Behaviour of the errors |ut — uf|o, [u — ul|o and |y* — yf]

1073110710 [ 107¢ [ 107" | 1078
10 9 9 9 9 9

v 1107|1072
iterations | 7 8 9

Table 3: Number of iterations for different values of v := v = 1

problem, and afterwards we do all the calculations with the semismooth Newton method
using v; = vy = 0, i.e. without a regularization term. This means that the functions uy, us
generated via (86), (87) are no longer the analytical solutions of this example. However,
the algorithm still works very well, and the (bang-bang) solution is depicted in Figure 2.

9 Conclusion

The formulation and the semismooth Newton solution of Nash equilibria multiobjective el-
liptic optimal control problems was presented. The convergence of the semismooth Newton
method resulted to be quadratic as predicted by the theoretical investigation. Second-order
accuracy of the finite difference approximation to the unique Nash equilibrium solution was
demonstrated. Future research will focus on the analysis of the case of more than two ob-
jectives and of different control mechanisms.
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