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1 Introduction

In this paper, we consider the nonlinear complementarity problem. This problem
arises in many applications, e.g., in operations research, economic equilibrium mod-
els and in the engineering sciences (contact problems, obstacle problems, ...), see
[11, 5] for a more detailed description. Several methods for the solution of com-
plementarity problems are known. Among them are reformulations of the comple-
mentarity problem as a fixed-point problem, as an optimization problem and as a
(smooth or nonsmooth) system of nonlinear equations. We refer the reader to the
papers [11, 9] for a survey of several of these methods.

In recent years, the interior-point approach has also been generalized from the
linear and quadratic programming problem to the (linear and) nonlinear complemen-
tarity problem. For example, Kojima et al. [16, 17, 14] prove some results which can
be viewed as a theoretical foundation of continuation methods for nonlinear com-
plementarity problems. In particular, they consider complementarity problems with
a uniform P—function, see [16]. This is exactly the problem also considered in this
paper. The approach given here, however, is completely different from the one in
[16]. Based on a tool recently introduced by the author in [13], a certain perturbed
complementarity problem is reformulated as a nonlinear system of equations. We
first use this tool in order to obtain a convergence result, and then show how this tool
can be used numerically, leading to a noninterior continuation method where the
iterates do not necessarily have to stay in the interior of the feasible region during
an entire iteration. This is an interesting difference to commonly used interior-point
methods, and some promising numerical results are reported in [13] for the linear
complementarity problem.

A similar algorithm has recently been proposed by Chen and Harker [1], but
only for the linear complementarity problem and under some different assumptions,
see also Chen and Harker [2, 3] for related methods in another context. As noted in
[13], the method by Chen and Harker [1] can be shown to be a special case of our
approach if the assumptions used in [1] are satisfied.

The paper is organized as follows: In Section 2, we present some background
material. The continuation method itself is introduced in Section 3. We note that
it is well-defined and prove that any sequence generated by this method converges
to the unique solution of the underlying complementarity problem. We also present
an inexact version of the algorithm and give a global and local convergence result
for it. We conclude this paper with some final remarks in Section 4.

Throughout this paper, the index set {1,...,n} is abbreviated by I. The n-di-
mensional real space is denoted by R". If x,y € R" are two vectors, then the vector
(2T, yT)T € R?" is simply written as (z,y). Inequalities such as x > 0 and z > 0
are defined componentwise. The nonnegative orthant of " is denoted by R7. |/z||
always denotes the Euclidean norm of a given vector z of appropriate dimension.
For a matrix M € R™", M = (m;;), and an index set J C I, the submatrix M,
consists of the elements m;;, 7,5 € J.
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2 Background Material

The problem under investigation is the following.

Definition 2.1 The nonlinear complementarity problem, denoted by NCP(F ), is to
find a vector pair (z*,y*) € R*" satisfying the conditions

r>0,y>02"y=0y=F(r). (1)

If F(z) = Mz +q is an affine function, where M € R"*™ and q € R", then NCP(F)
is called a linear complementarity problem and is denoted by LCP(q, M ).

We would like to solve the nonlinear complementarity problem by successive solution
of certain perturbed complementarity problems which were introduced by McLinden
[18] and which are defined in

Definition 2.2 Let u > 0 be any given parameter. The perturbed nonlinear com-
plementarity problem, PNCP(F, 1) for short, is to find a solution (z(p),y(u)) € R2"
of the following system.:

x>0,y >0,z =p (1€l)y=F(z).

If 1 = 0 then problem PNCP(F, 1) reduces to the nonlinear complementarity prob-
lem (1). — Some classes of functions F' which are important in the investigation of
NCP(F) are introduced in the next definition.

Definition 2.3 Let F': R" — R". The mapping F' is said to be a

(a) Py—function if for all x,y € R", x # vy, there exists an index i € I such that
T # y; and
(i — y:) (Fi(z) — Fi(y)) = 0.

(b) uniform P—function (with modulus vy > 0) if
max(z; — y;) (Fi(z) = Fi(y)) = vllz =yl Va,y € ™.
If F is an affine function, i.e., F(z) = Mz + ¢ for some matrix M € R and
some vector ¢ € R", then M is called a P—matriz if F' is a uniform P—function.

Similarly, M is called a Py—matrix if F' is a Py—function.
The following result is due to Moré [19, Theorem 2.3].

Lemma 2.4 Let F' : R" — R be a continuous and uniform P—function. Then
problem NCP(F') has a unique solution.

The proof of the next result can be found in Moré and Rheinboldt [20, Corollary
5.3 and Theorem 5.8].

Lemma 2.5 Let F' : R" — R" be continuously differentiable. Then F'(x) is a
Py—matrixz for all x € R" if and only if F' is a Py—function.
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3 Continuation Method

Let 41 > 0 be given. The main tool used in this paper is the function ¢, : R* — R
defined by

ou(a,b) ==a+b—1/(a—0)?2+4pu. (2)

This function has recently been introduced by the author in [13], where the following
lemma is proved.

Lemma 3.1 The function p,, has the property
ou(a,b) =0<=a>0,b>0,ab = p.
In the special case = 0, we note that ¢, = ¢ reduces to
wola,b) =a+b—/(a—b)>=a+b—|a—b] =2min{a, b}. (3)

The function min{a, b} has been used, e.g., by Pang [21] in order to characterize
problem NCP(F). Here, the function ,, is used to characterize problem PNCP(F, p1).
To this end, let us define the nonlinear operator F,, : R — N2 by

Fo®) = Fola = (5070, @)

where
(,0“(1'7y) = (@M(wla yl)a s 7%0/1(1’717 yn))T € §Rn

Using Lemma 3.1, we directly obtain the following

Theorem 3.2 A vector z(u) = (x(u),y(p)) € R*™ solves the perturbed nonlinear
complementarity problem PNCP(F, 1) if and only if z(1) solves the nonlinear system
of equations F, (z) = 0.

This result motivates the following algorithm.

Algorithm 3.3 (Continuation method)

(S.0): Let {u} be any sequence such that py > 0 and limg_o pux = 0. Set k = 0.
(S.1): Find a solution 2 := z(uy,) of the nonlinear system of equations

F,

Prg

(2) = 0.

(5.2): If || Fpo (2%)|| = 0, stop: z* solves NCP(F ).
(S.3): Set k:=k+1 and go to (S.1).
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Before giving a convergence result, we first restate a lemma due to Kojima et al.
[15, Lemma 4.1].

Lemma 3.4 The matriz

M -1,

D, D,
is nonsingular for any positive definite diagonal matrices Dy, Dy € R™™™ if and only
if M € R™" is a Py—matriz.

Based on this lemma, we are able to establish the following theorem.

Theorem 3.5 Letp >0, F : %" — R" be continuously differentiable and define F,,
as in (4). Then the Jacobian matriz F, (z) is nonsingular for all z := (z,y) € R2n
if F'is a Py—function.

Proof. We first note that the function ¢,, is continuously differentiable for all 1 > 0.
Therefore the Jacobian F, (z) exists and is given by

=5 o)

where

(0 0
Da = Da(Z) = dzag <asi:l‘(xl7yl)7"'7ff('rn7yn)> )

(0 9
Dy := Dy(z) := diag <$($1,yl)y civy ﬂ<xn7 yn)) .

Since aa%(a,b) € (0,2) and aaib“(a,b) € (0,2) for all 4 > 0 and all (a,b) € R?, the
diagonal matrices D, and Dj, are positive definite for all z € R*". We therefore ob-
tain from Lemma 3.4 that F, (2) is nonsingular for all z = (z,y) € ®*" if F'(z) is a
Py—matrix for all x € R™. Because of Lemma 2.5 the latter condition is equivalent

to F' being a Py—function. This proves the desired result. O

Lemma 3.4 raises the interesting question whether or not the Fy—function property
in Theorem 3.5 is also necessary for the Jacobian matrices F, 9/% (z) to be nonsingular.
The author is currently not certain whether it is always possible to find a vector
z = (z,y) € R*" in such a way that F, (z) becomes singular for functions F* which
are not Py—functions. (Note that the diagonal matrices D, and Dj as defined in the
proof of Theorem 3.5 cannot be chosen independently.) In the following analysis,
however, only the sufficiency part given in Theorem 3.5 is needed.

We next restate a result which follows from the results by Kojima, Mizuno and
Noma [16].
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Theorem 3.6 Let F : R" — R" be a continuous and uniform P—function. Then
the perturbed problem PNCP(F, ) has a unique solution z(u) for each p > 0.

In view of Theorem 3.6, the sequence {z*} as generated by Algorithm 3.3 is well-
defined. We next want to show that this sequence converges to the unique solution z*
of the original problem NCP(F’). To this end, we first prove some simple properties
of the function ¢,,.

Lemma 3.7 Let p, 1, o > 0 be arbitrarily given. Then the following hold:
(a) |90M1(a7b) - gom(a, b)| S 2|\/m_ \/M_2| for all (a> b) € %2.

(b) If {ax},{bx} C R are two sequences with |ax| — oo and |bx| — oo, then
|ular, bg)| — oo.

Proof. Consider part (a). If g3 = pg = 0, there is nothing to prove. Hence assume
that at least one of the perturbation parameters is positive. Then we get, for any

(a,b) € R*:

Bi(@.D) = punlab)] = |yla= 07+t =\l = b7 + 4w
_ Ay — po
/(@ = b)2+4ps + /(0 — b)2 + 4y
2|p1 — o

NCEE
= 2\/m — ml.

Assertion (b) can easily be verified, see also [12]. O

The following important boundedness result is the main step in the proof of our
convergence result (see Theorem 3.9 below).

Theorem 3.8 Let F': " — R" be a continuous and uniform P—function. Then
the level sets

Ly, ) = {(x,y) € R*"| || Fyp, (z,9)]| < a} (5)
are uniformly bounded for all 0 < a < a <oo and 0 < pu < 1 < 0.

Proof. The proof is an extension of the one given in [10, Theorem 3.2]. Suppose
there exists an unbounded sequence {zF} := {(a% y*)}. Let 2* € L(up,ay) for
some 0 < pp < 1,0 < ap < @ Without loss of generality we can assume that
fr — ps and o — a, for certain 0 < p, < i and 0 < a, < @. Since the sequence

{z*} = {(«*,y*)} is unbounded and

|Fi(a") —yi] < [F (") — ol < |1Fp,, (M) < an < @, (6)
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we obtain that the sequence {z*} must be unbounded. Consequently, the index set
J = {i € I| {x¥} is unbounded}

is nonempty. Let us define a second sequence {7*} C R" by

sk 0 ifieJ,

T 2k ifig
By construction, the sequence {7*} is bounded. Furthermore, using the definition
of ¥ and the uniform P—function property of F, we obtain with some constant
v>0:
v (@) = olla® -3
ieJ

= max i (F(aF) — F(7%))

< max(a — @) (F(a") — F(3"))

eJ
< [ IRE - RE.

Since Y ;e s (%)% # 0 at least on a subsequence {z"*}cx,, we therefore have

7, /ZJ(ZE?)Q < E; |Fi(a") — Fy(@")].

Due to the boundedness of {#*} and the continuity of F; (i € J), we thus obtain
|Fiy (2%)] — oo (k € K,) for at least one index iy € J. Because of (6), this implies
lyE | = oo (k € Ky). However, since iy € J, we also have |2 | — oo on a subsequence
{af }k,, K5 C K. From Lemma 3.7 (b) we therefore get

[P (@l yiy )| — 00 (k € o). (7)

i0?
We now consider the behaviour of the sequence {g,, (2%, 4y )}k,. First note that
this sequence is bounded since

o (i yi )| < || Fy, (2%, 4")] < ar < @ (8)

On the other hand, we have

|90Mk($§07y§)> — Pu. (xi‘vo?yi]%) + P (IZ)J yzko)|
> o (5, 58) = @ @k 18| = @ (k40| (9)

|(puk (xfov yfo)|

Since py — fix, we obtain from Lemma 3.7 (a) that [p,,, (2F, y¥ ) —¢,. (2F  yE )] — 0.
Using (7), this yields |¢,, (2%, 4% )| — oo, a contradiction to (8). Therefore the se-
quence {z*} is bounded. O

We now state our main convergence result for Algorithm 3.3.
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Theorem 3.9 Let F' : R" — R" be a continuously differentiable and uniform
P—function. Then the sequence {z(u1)} generated by Algorithm 3.3 converges to
the unique solution of NCP(F ).

Proof. Because of Theorem 3.6, the sequence {z(ux)} is well-defined. Since
2% = 2(n) is a solution of F,,, () =0, we have ||F,, (z")[| =0 for all k. Therefore
and because the sequence {y} remains bounded in view of py € [0, uo| for all k,
it follows immediately from Theorem 3.8 that the sequence {z*} is also bounded.
Consequently there exists at least one accumulation point z*. From the continuity
of F' we directly obtain that z* is a solution of NCP(F'). This shows that every ac-
cumulation point of {z(u)} is a solution of NCP(F'). However, as noted in Lemma
2.4, problem NCP(F') has a unique solution under the stated assumptions. There-

fore the entire sequence {z(ux)} converges to this solution. O

In our next theorem we show that z*~! is a good starting vector for, e.g., Newton’s
method when solving the nonlinear system of equations F;,, (z) = 0 in step (S.1) of
Algorithm 3.3. We first restate a technical lemma which is due to Kojima, Mizuno
and Noma [16, Lemma 1].

Lemma 3.10 For any nonnegative numbers o, o2, 8 and 32, the following inequal-
ity holds:

(a' —a®) (8 = §°) < |a' B —a”F7].

Theorem 3.11 If F: R" — R" is Lipschitz—continuous and a uniform P—function
and if {zF} denotes the sequence generated by Algorithm 5.3, then there erists a
constant ¢ > 0 (independent of k) such that

|25 — 2512 < elpgn — puel

for all k.

Proof. Let L > 0 denote the Lipschitz—constant of F. Then, we have

||Zk+1 _ Zk||2 — ”Ik+1 _ Ik||2 + ||yk+1 _ yk||2
= [la*t =2 4 | F () = Fa))? (10)
§ (1 + LQ)Hxlc—f—l o :CkHQ

Since F is a uniform P—function and zf*! and 2* are solutions of PNCP(F, ji31)
and PNCP(F, py), respectively, we obtain with some v > 0 from Lemma 3.10:

et = a2 < maser(et = ab) (R = Fi(at)
= maXieI(5(7z'+1 - xf)(%‘“ - yf) (11>
< maxer [of Tyt — abyf|

|/~bk+1 - ,uk|-



CONTINUATION METHODS FOR COMPLEMENTARITY PROBLEMS 9

Thus, the assertion follows from (10) and (11) with ¢ := (1 + L?)/~. O

The main disadvantage of Algorithm 3.3 is the fact that we have to solve the sub-
problems PNCP(F, i) exactly at each iteration. The following is an inexact version
of this algorithm, where we call a vector z(¢) an e-approzimate solution of the system
F,.(z2) =0if |F,, (2(e)|| < e.

Algorithm 3.12 (Inexact continuation method)

(S.0): Choose py > 0,9 > 0 and set k = 0.

(S.1): Find an ex-approzimate solution z(ey) of the system F,, (z) = 0.
(S.2): Terminate the iteration if a suitable stopping criterion is satisfied.
(S.3): Choose i1 < pig,Eks1 < €k, set k:=k+ 1 and go to (S.1).

In the following convergence analysis of Algorithm 3.12, we assume that an infinite
sequence {z(eg)} is generated. The first result is a global convergence theorem for
Algorithm 3.12.

Theorem 3.13 Let F : R* — R" be a continuously differentiable and uniform P-
function. Assume that the sequences {er} and {ux} converge to 0. Then the sequence
{z(ex)} generated by Algorithm 3.12 converges to the unique solution of NCP(F ).

Proof. The proof is similar to the one of Theorem 3.9: Since both sequences
{p} and {ex} remain bounded, the sequence {z(gx)} is also bounded by Theorem
3.8. Hence there is at least one accumulation point, say z*. Let {z(ex)}x denote a
subsequence converging to z*. Since z(ey) is an ex-approximate solution of F%k (2) =
0, we have

1, ()| < € (12)

Since p — 0 and € — 0, we obtain from (12) for k — 00,k € K :
||F900(2*)|| =0,

i.e., z* solves NCP(F). Since NCP(F') has a unique solution, the bounded sequence
{z(ex)} cannot have more than one accumulation point, therefore the whole sequence
{z(ex)} converges to z*. O

In order to establish a local rate of convergence result for Algorithm 3.12, we first
note that the operator F,, is nonsmooth for u = 0 but nevertheless locally Lipschitz-
continuous. Hence its generalized Jacobian OF,,(z) exists at any point z = (z,y) €
2. The interested reader is referred to Clarke [4] for the definition and some basic
properties of the generalized Jacobian. Here we just note that 0F,,(z) is a set of
matrices of dimension 2n. We can prove the following result which is crucial in order
to prove a fast local rate of convergence.
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Lemma 3.14 Assume that F : R" — R" is continuously differentiable and a uni-
form P—function. Let z = (x,y) € R2" be an arbitrary vector. Then all matrices in
the generalized Jacobian OF, (%) are nonsingular.

Proof. Since F'is a uniform P—function, its Jacobian matrices F’(z) are P—matrices
for all z € R". Hence the desired result follows from Theorem 3.3 in [8] by noting
that ¢, reduces to a multiple of the minimum-function for = 0, cf. (3). O

In the following result, we deal with the local rate of convergence of Algorithm 3.12.
The proof is based on a result for so-called semismooth functions, see [23, 22] for the
definition and some elementary properties of semismooth functions. Here we only
note that a piecewise smooth function is semismooth. Hence, since the operator F,
is piecewise smooth in view of (3), it is also semismooth.

Theorem 3.15 Let F : R" — R" be a continuously differentiable and uniform
P—function. Let {z(ex)} be a sequence generated by Algorithm 3.12. Assume that
{z(ex)} converges to the unique solution z* of NCP(F ). Suppose further that py, =
O(g2). Then the following statements hold:

(a) If ex1 = o(|| Fy,, (2(ex))|), then z(ex) — 2* Q-superlinearly.

(b) If exr1 = O(|F,,, (2(ex))I1?), then z(e) — 2* Q-quadratically.

Proof. Recall that z(gy) is an eg-approximate solution of PNCP(F, ), so that
(12) holds. From the definition of F,, and Lemma 3.7 (a), we have

||F<P0(Z) - FW(Z)H < o Yier lpo(Tis yi) — <Pu($z'=yz‘)| (13)
< 2ne/p

for a suitable constant ¢; > 0 and all z = (z,y) € R*". Since F,, is locally Lipschitz-
continuous, there is a Lipschitz-constant L > 0 such that

1o (2(ex))Il = [ Fo (2(er)) = Foo (27)|| < Ll[2(ex) = 27 (14)

for all k sufficiently large since z(e;) — 2*. By Lemma 3.14, all elements in Clarke’s
generalized Jacobian OF,,(z*) are nonsingular. Moreover, as noted above, F, is
semismooth, so we obtain from Proposition 3 in [22] that there exists a constant
¢ > 0 such that

callz(ers1) = 27| < [[Fpo (2(eni1)) (15)
for all k£ large enough. Now assume that the assumptions of statement (a) are

satisfied. Then we obtain from (12), (13), (14) and (15):

DB (eere)

[Epo (2(ex11)) = Fop,, (Z(enta)Il + 1 Fy,,,, (2(Ers))

Callz(ent1) — 27

IN ING
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2neiy/ eyt + ks

<
< o(|Fu(z(ex)))
< o(llz(er) = 27)),

i.e., z(ex) — z* Q-superlinearly. Statement (b) can be shown in a similar way. O

Note that Algorithm 3.12 is an implementable algorithm and that it is always possi-
ble to choose the parameters 5 and py, in a way specified in Theorem 3.15. Actually,
Theorem 3.15 can be viewed as a theoretical justification of the heuristic updating
rules used in [1, 13]. We close this section by noting that some very promising nu-
merical results for a similar algorithm applied to linear complementarity problems
are reported in [13].

4 Final Remarks

The function defined in (2) is not the only one having the property mentioned in
Lemma 3.1. In fact, the author introduced in [13] three other functions which share
the same property, namely:

ou(a,b) = a+b— /a2 +b>+ 2y, (16)
1

ou(a,b) = §min2{0, a+b} —ab+p, (17)

ou(a,b) = (a—0b)*—ala| — blb| + 2u. (18)

It is not difficult to see that all these functions also have the properties stated in
Lemma 3.7 (b). Even Lemma 3.7 (a) remains true in a slightly modified version. In
particular, if ¢, denotes the function defined in (16) and gy, gt > 0 are arbitrarily
given, the following inequality can be verified using similar techniques as used in the
proof of Lemma 3.7:

|0, (@, ) — 9y (a,0)| < V2|11 — | V(a,b) € R2

Unfortunately, Theorem 3.5 becomes false for the functions defined in (17) and (18)
since the diagonal matrices D, and D, introduced in the proof of Theorem 3.5 are
in general not positive definite. On the other hand these diagonal matrices are
positive definite for all g > 0 and all (a,b) € R? for the function defined in (16). So
all results in Section 3 remain true if the function (2) is replaced by the function (16)
everywhere. Numerically, however, these two functions have a similar behaviour, see
the results reported in [13].

While the function (2) reduces to the well-known min—function for © = 0 (cf.
(3)), the function ¢, defined in (16) coincides for p = 0 with a function introduced
by Fischer and used in some recent papers [6, 7|. Fischer uses his function in order
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to characterize the linear complementarity problem as well as the Karush—Kuhn-—
Tucker optimality conditions of a nonlinear program, whereas here (for arbitrary
p > 0) it can be used to characterize problem PNCP(F, u). For u = 0, the other
two functions defined in (17) and (18) also reduce to some known functions, see, e.g,

12].
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