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SAHEED AKINDEINDE AND DANIEL WACHSMUTH?

Abstract. In this paper we investigate non-convex optimal control problems. We are concerned with a-posteriori
verification of sufficient optimality conditions. If the proposed verification method confirms the fulfillment of the sufficient
condition then a-posteriori error estimates can be computed. A special ingredient of our method is an error analysis for the
Hessian of the underlying optimization problem. We derive conditions under which positive definiteness of the Hessian of
the discrete problem implies positive definiteness of the Hessian of the continuous problem. The article is complemented
with numerical experiments.

Key words. non-convex optimal control problems, sufficient optimality conditions, a-posteriori error estimates
AMS subject classifications. 49M25, 49K20, 656N15, 65N25

1. Introduction. We study optimal control problems of the following type: Minimize the functional
J given by

J(y,u) = g(y) +j(u) (P)
over all (y,u) € Y x U that satisfy the non-linear elliptic partial differential equation
E(y,u)=0
and the control constraints
U € Ugqg.
Here, Y is a Banach space, U = R™. The set U,q C U is a non-empty, convex and closed set given by
U ={ucU: us <u<upl,

where the inequalities are to be understood component-wise. Examples that are covered by this framework
include parameter identification and optimization problems with finitely many parameters, as for instance
least-square problems as given by e.g.

1
T.w) = Sy~ valla (11)
over all (y,u) € Hi(Q2) x R™ that satisfy the elliptic equation

—Ay+d(u;y) =g inQ,

1.2
y=0 on 09, (12)

Here, d(u;y) denotes a non-linear function of y parametrized by parameters u € R™. The parameters
have to be recovered by fitting the state y to the measured state yq4.
Another application is the optimization of material parameters by minimizing (1.1) subject to

div(aVy) =g in Q, (1.3)

y=0 ond,

where the coefficient function a is given by a = Y1 | x;u; with x; = xq, being characteristic functions
of subsets 2; € 2. Both problems are complemented by the constraint u € U,q.

We are interested in the numerical solution and the solution accuracy for such type of problems.
Given a numerical solution uy, of a discretization of (P), we are asking, under which conditions wuy, is near
a local solution @ of (P). This is a non-trivial question, since the optimization problem (P) is non-convex
due to the nonlinearity of the elliptic equation. Hence, all results on discretization errors are subject to a
second-order sufficient optimality condition (SSC). This statement applies to both a-priori error estimates
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[2, 6] as well as a-posteriori error estimates [3, 4, 18]. The aim of this paper is to develop a method that
allows to verify the fulfillment of the sufficient condition a-posteriori. As a side result, we obtain reliable
a-posteriori error estimates.

Let us comment, why it is difficult to verify the second-order sufficient optimality condition. One
obstacle is that the sufficient condition is required at a solution # of the original undiscretized problem
(P). Even if @ would be known, it would still be tedious to check that the SSC holds, as it requires
the exact solution of linearized partial differential equations. Without knowledge of u the check for SSC
appears to be of the same difficulty as the check whether (P) is convex.

Earlier work on verification of sufficient optimality conditions can be found for instance in Rosch and
Wachsmuth [14, 15]. There the optimal control of semi-linear elliptic equations was studied. The principal
idea was to verify the fulfillment of a infinite-dimensional second-order condition at the (known) discrete
solution up, and by a careful analysis confirm that this property carries over to the unknown solution
@ of (P). This infinite-dimensional second-order condition at u;, was relatively easy to check due to the
special structure of the Lagrangian associated to the considered problem, which makes it impossible to
generalize the results to e.g. (1.3). Numerical studies on second-order sufficient conditions can be found
in the work of Mittelmann [10, 11]. There the second-order sufficient optimality condition was checked
for the discrete problem. The fulfillment of the discrete SSC is a strong indication for the fulfillment
of the SSC for the continuous problem but not sufficient. In the present article we will combine both
strategies: first check the discrete SSC as in [10, 11], then develop conditions, under which the discrete
SSC implies a continuous second-order condition, and finally with an analysis as in [14, 15] conclude that
this second-order condition carries over to the unknown solution @ of (P).

As we want to develop an a-posteriori error analysis, let us comment on available a-posteriori error
estimators in the literature. A-posteriori error estimates for non-linear control and identification problems
can be found for instance in [3, 8, 9, 18]. Both dual-weighted residual type [4] and residual type error
estimators are available. However, they depend on two crucial a-priori assumptions: the first is that
a second-order sufficient condition has to hold at the solution of the continuous problem. With this
assumption, error estimates of the type

i —unllv <cn+R

can be derived, where 1 is a computable error indicator and R is a second-order remainder term. Here,
the second a-priori assumption comes into play: one has to assume that R is small enough, in order to
guarantee that mesh refinement solely based on 7 is meaningful. A different approach with respect to
mesh refinement was followed in [20]. There the residuals in the first-order necessary optimality condition
were used to derive an adaptive procedure. However, smallness of residuals does not imply smallness of
errors without any further assumption. Here again, SSC as well as smallness of remainder terms is
essential to draw this conclusion. In this article, we will present conditions that allow reliable a-posteriori
error estimates that verify these two conditions a-posteriori and that do not require them a-priori.

The goal of the paper is thus two-fold: first, we aim at verifying the sufficient condition a-posteriori.
This allows to derive a-posteriori error estimators in a second step, see our main results Theorems 3.21
and 3.22 below.

The rest of this section is devoted to define all the ingredients of the abstract problem (P), its
optimality conditions and discretization.

1.1. The abstract framework. Let us start with making the assumptions on the abstract problem
(P) precise.
ASSUMPTION 1.
1. The mapping E:'Y x U — Y™ is twice Fréchet-differentiable. Furthermore, we assume that the
mapping E is strongly monotone with respect to the first variable, i.e. there is a constant § > 0
such that

(E(y1,u) — E(y2,u), y1 — yo)y=y > d|ly1 — vol/¥

for allu € Ugg,y1,y2 €Y.
2. The functions g: Y — R and j : U — R are twice Fréchet-differentiable.

The assumptions on E are met for instance for semilinear elliptic equations with monotone non-
linearities, e.g. it is fulfilled for (1.2) if d(u;-) is monotonically increasing for all admissible u, and the
assumption is fulfilled for (1.3) if the coefficients u are strictly positive. Moreover, the assumptions on g
and j are met by the prototypical functional given in (1.1).
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PROPOSITION 1.1. Under Assumption (1), for each admissible control w € U the state equation
E(y,u) = 0 is uniquely solvable. Furthermore, the partial derivative of operator E with respect to y,
denoted by E,, is continuously invertible, i.e. Ey(yo,uo)™' € L(Y*,Y) for all (yo,uo) € Y X Uga, and it
holds || B, (yo, wo)l c(y+,yy < 67" for all (yo,u0) € Y X Uga.

Proof. The result is standard and the proof can be found for instance in [19]. O

Since E maps to the dual of Y, we can consider the weak formulation of the state equation

(E(y,u), v)y-y =0 Yo eY.

The solution mapping u — y that assigns to every control u a state y is denoted by S, i.e. y = S(u). Its
Fréchet derivative S’(u)v for v € U is the unique solution of the linearized equation

Ey(S(u),u) - S (w)v + Eu(S(u),u) - v=0.
We define the Lagrange functional for the abstract problem

L(u,y,p) = g(y) +j(u) — (E(y,u), p)y=y.

Let (7, @) be locally optimal for (P). Then the first-order necessary optimality conditions can be expressed
as Ly, (9,4, p) = 0 and L, (¥, 4, p)(u — @) > 0 for all u € Uag, which is equivalent to

Ey(a,9)p = 4'(7)
(j'(@) — Bu(4,7)"p, u — @)y-u >0 Yu € Uqq.

Since the problem (P) is in general non-convex, the fulfillment of these necessary conditions does not
imply optimality. In order to guarantee this, one needs additional sufficient optimality conditions. One
particular (and strong) instance is given by: There exists a > 0 such that

£ (@,7,p)[(2,v)%] = aflvlly (1.4)

holds for all v = u — @, u € Uyq, and z solves the linearized equation E,(u,§)z + E,(4,y)v = 0. Later we
will work with a weaker sufficient condition, where the subspace on which £” is required to be positive
is shrunk taking strongly active inequality constraints into account.

Let us explain, why this condition is difficult to check numerically even in the case when (4, 7, p) are
given. The main difficulty here is that the function z appearing in (1.4) is given as solution of a partial
differential equation, which cannot be solved explicitely. Any discretization of this equation introduces
another error that has to be analyzed.

REMARK 1.2. We can relax the differentiability requirements of Assumption 1 as follows: let Y, be a
Banach space with a continuous embedding in Y. Then it is sufficient to require Fréchet-differentiability
of E and g with respect to y in the stronger topology of Y as long as the derivatives of E and g with
respect to y satisfy the Lipschitz estimates in Assumption 4 below with respect to the weaker topology Y .
This would allow for instance to choose Y = H} () and Yoo = L>®(Q)NY or Yoo = H*(Q)NY. See also
the comments after Assumption 4 and in Section 4.3 below.

1.2. Discretization. In order to solve (P) the problem has to be discretized. Let Y}, be a finite-
dimensional subspace of Y. Then a discretization of the state equation can be obtained in the following
way: A function y;, € Y}, is a solution of the discretized equation for given u € U,y if and only if

(E(yn,u), ¢n)y=y =0 Von € Y.

The discrete optimization problem is then given by: Minimize the functional J(yn,up) over all (yp, up) €
Yy x Uy, where y;, solves the discrete equation.

Let (gn, @) be alocal solution of the discrete problem. Then it fulfills the discrete first-order necessary
optimality condition, which is given as: there exists a uniquely determined discrete adjoint state pp € Y}
such that it holds

(Ey(Gns@n)*Pry on)y=y = (g (Jn), dn)y=y Von €Yy

o N _ 1.5
('(un) — Eu(Yn, un) Phsu — tn)u=u > 0 Vu € Ugq. (1:5)

Throughout this work, we will assume that errors in discretizing the optimality system are controllable
in the following sense.



ASSUMPTION 2. Let (un,yn,pn) be approximations of the discrete optimal control and the corre-
sponding state and adjoint. There are positive constants ry,r,, 1, such that the following holds

HE(yhauh)”Y* < Ty, (16)
9’ (yn) — Ey(yn, un)*prlly= < rp,
(' (un) = Eu(yn, un) ph,w —up) > —ryl|u — upllu Vu € Ugq.

If (gn, @n, pr) fulfills the first-order necessary optimality system (1.5) of the discrete problem then r,, = 0.
The residuals 7, and r, cannot be expected to vanish as they reflect the discretization error of the partial
differential equation. We report on the computation of these residuals in Section 4.1.

As already mentioned, without any further assumption, smallness of the residuals in (1.6)—(1.8) does
not imply smallness of the error ||u — up||y in the control. In order to establish such a bound, it is
essential to check that a second-order sufficient optimality condition is satisfied.

Here it is important to recognize that sufficient optimality conditions for the discrete problem alone
are still not enough. The sufficient optimality condition for the discrete problem is given by: There exists
ap, > 0 such that

L"(@n, Gn, n) (20, 0)] = an]|v]|;
holds for all v = u — u, u € Uyq, and zp solves the linearized discrete equation

(Ey(tn, gn)zn + Ey(tn, gn)v, ¢n) =0 Vou €Yy,

This condition is equivalent to positive definiteness of a certain computable matrix, see Section 3.5.
Hence, this condition can be checked computationally, see e.g. [10, 11]. Under conditions to be worked
out in the sequel, the fulfillment of this discrete SSC implies the fulfillment of the continuous SSC. These
conditions are fulfilled if ay, is relatively large compared to the residuals 7,7y, 7y, see Section 3.5 below.

If we can verify that the SSC (1.4) holds then we have a reliable error bound for the error in the
optimal controls and states

19 = wnlly + @ —unllo < C(ry +rp +74).

This allows to devise an adaptive refinement scheme, which refines elements with relatively large local
error components in 7y, 7p.

We will first derive such an error representation for the reduced problem in Section 2, where the
unknown y is eliminated in terms of y = S(u). These results are then applied to the problem (P), the
required error and Lipschitz estimates are carried out in Section 3. The main result on relation between
discrete and continuous second-order conditions can be found in Section 3.5, Theorem 3.21. Finally, we
state the a-posteriori error estimate and verification of optimality in Section 3.6, Theorem 3.22.

Notational convention. Throughout the paper we will use the following convention when naming
constants: My and cy will denote global bounds and Lipschitz constants for a function f; €, and 7, will
denote errors estimates and residuals of a quantity . Moreover, 2" will denote auxiliary quantities that
have certain similarities to a discrete quantity z; but do not need to be explicitely known.

2. Verification of optimality for reduced functional. Let us introduce the reduced objective
functional f : U — R by

f(u) = g(S(u)) +j(u). (2.1)

Since J and S are twice Fréchet-differentiable, the reduced functional f inherits this property as well.
This allows us to write the original abstract minimization problem in the control-reduced form:

min f(u). (2.2)

u€Uqq

For the control-reduced problem (2.2), the first order optimality condition to be fulfilled by every
optimal solution candidate @ states

F@(u—1a)>0  VYu€ Uy

The corresponding second order sufficient optimality condition to be fulfilled by a locally optimal solution
@ is given by the existence of a > 0 such that

(@[, v] > alv||E Vo=u—1u: u€ Uy, f(uv=0. (2.3)
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Let us define the active set A as

Alw) ={ie{1,...n} :|f'(u);] >0}

and the corresponding inactive set as I = {1,...,n} \ A. Here the notion of active set comes from the
fact that for the solution @ it holds @; € {uq, up,;} for i € A(@). That is, the inequality constraints are
active for these components. Then the second order condition (2.3) can be written equivalently as: there
exists a, 0 > 0 such that

|f/(a)] > o on A (2.4)
and
f"(@w,v] > alv||ly;  YweU:v=u—1u, u€ Uy, v=0on A, (2.5)

Here, the notion “v = 0 on A” means v; = 0 for all i € A. One of the tasks in this paper is to verify
conditions (2.4) and (2.5) numerically for the reduced problem (2.1).

Of course, since the control space is finite-dimensional, the requirement (2.3) is equivalent to assuming
f"(@)[v,v] > 0 for the mentioned test functions v # 0. Similarly, the requirement |f’(@)| > o can be
replaced by |f/(@)| > 0. However, we will need later a quantification of these bounds. So we opted to
present the sufficient optimality condition in this way.

Let us define the following notation that will be useful in this section. Let A C {1...n}, I =
{1...n}\ A be given. Then the restriction of a vector v to A is given by

(3 if ¢ € A,
(v]a)i :== e
0 ifigA.

Additionally, we can split the norm on U as

lallty = D7 fuil? + 3l = [[ulallg, + [l g = lall + el
i€A el

Now let us suppose we computed an approximate solution uy, of the reduced problem (2.2). We want to
verify that this approximation is close to a local solution of the reduced problem. In order to prove this
we assume that uy, fulfills the following:

ASSUMPTION 3. There is a subset A C {1...n} with I ={1...n}\ A, and positive constants €, o, o
such that the following hold

~~

Fup)(u—wup) > ol|lu—un|la — €l|lu—un|s Vu € Ugg, (2.6
" (un)v,v] > af|v||? YveU:v, =0 on A. (2.7)

Additionally there are positive constants cg/, cgr, and R such that it holds
1F(w) = f'(un)llo- < epllw = unllo, (2.8)

1" (@) = £ (wn)llwxvy- < eprllu = unlu, :
1" ()l wxwys < Mgpn (2.10)

for all u € Ugq with ||u — up| < R.

Some comments are in order. Inequality (2.6) means that the derivative f’(up) has the right sign on
the active set A, while f’(uy) is bounded by € on the inactive set. We expect for computations that e
tends to zero with decreasing mesh size of the discretization, while o should be bounded away from zero.
Assumption (2.7) is exactly the second-order requirement (2.5) of the sufficient optimality condition for
the reduced problem. The second part of Assumption 3 simply names the Lipschitz constants of f. An
assumption similar to Assumption (3) was used in [15] without the notion of a set A, i.e. there A = (),
o = 0 was used.

Let us remark that Assumption 3 is fulfilled for the solution @, if @ satisfies the sufficient condition
(2.4)—(2.5). Here it has to be noted that (2.4) implies f'(@)(u — @) > ol|lu — @||;1(4). Due to the finite-
dimensional setting, the I'-norm dominates the /2-norm, which gives (2.6) with e = 0. In order to transfer
the results to the infinite-dimensional case, in particular to U = L?(f2), one would have to work with two
different norms of L(2) and L2(2) type.



Let u € Uyq be an arbitrary feasible point. In the following, we want to analyze f(u) — f(uy) in
terms of ||u —uplla and ||Ju — up|;. To this end, let us introduce an auxiliary admissible control @ defined
by

P up, ~ on the active set A
1] u on the inactive set I,

Furthermore, we define the abbreviations
rr=|lu—wupllr, Ta:=|u—upla.

Then we have ||u — 4|y = ||u — upl|a and ||@ — up||lv = ||lu — upl|r. With the aid of Assumption 3 we
will estimate the difference f(u) — f(up). First we make use of the new control variable @ to split the
difference

Fu) = flun) = (f(u) = £(@) + (£(@) — f(un))- (2.11)

Applying Taylor’s expansion up to the second order on the first addend of (2.11), we have

fu) = f(a) = f'(@)(u —a) //f”u+t @))[(u — @)% dtds
= f'(un)(u—a) + — f'(un))(u — @)

/ / £+t — @) [(u — @)?] deds,

which, due to (2.6), (2.8) and (2.10), implies

~ M 1"
Jlw) = f(@) 2 ora = eprars = =%,

Employing (2.6) and (2.7), the second addend of (2.11) is estimated as
F(8) = Flun) > F'Cun) (@~ ) + 55" (an) 0 )?
1 s _ e
[ = ) = £ )= 7] s
@2 Cfr 3

> —ery + 57“[ 6 7.

Altogether, we arrived at

M// 1"
2f T%*ET}#’%T%* Cé

f(u) = flup) > ora —cprary — 5. (2.12)
We can now prove a first result for the reduced problem: Under assumptions on the constants in As-
sumption 3 we obtain the existence of a local solution @ near wy,.

THEOREM 2.1. Let Assumption 3 be satisfied. If there exist r,ma > 0 with r? + 1% < R? such that
Mf// 2 Cf//

5 TA T €T~ ?7@ >0 (2.13)

min(ory, %T%) —Ccprary —
then there exists a local solution @ to the control-reduced problem (2.2) satisfying
@ —unlla <7ra, [la—unllr <rr.
If moreover with ry := m
o—cprye >0, a—cprp >0 (2.14)

holds, then @ = up on A and the second-order sufficient optimality conditions (2.4)—(2.5) are fulfilled at

.
Proof. Let us define

B:={ueU: |lu—up|r <rr, ||u—wun|la <ra}.
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Then B is bounded, closed, and non-empty. Hence, by the Weierstra3-Theorem, we have that the
minimization problem

Joninf(w)

admits a solution @. Let us show that both of the constraints are not active on @. Let us define
pr = llun —allr, pa:=llup — @l a.

At first, we assume that ||@ — up||4 = ra holds. Then according to (2.12) and (2.13) we have

_ M " « Cfr
f(@) = f(un) 2 ora —eprapr — —-rh —epr+ 50t — o
M " Cyfr
> 0TA — CpTATT — f ri—er;— é r? > 0,

which yields a contradiction, since by optimality of @ we have f(a) — f(up) < 0.
Second, suppose that it holds ||% — up||; = r7. Similarly as above, we get
Mf// 2 Cf//

3
ry —ery — —=—r7; >0
2 A 1 6 I ’

f(a) — f(un) > %T% — CpTATT —

which gives a contradiction as well. This proves that @ lies in the interior of B, making it a local solution
of the original problem. It remains to show that @ satisfies SSC.
Let us take u € U,q and define
. up, on I,
u =
u on A.

Then we can estimate due to (2.8) and (2.14)
fa)(a—u)la > f(u)(a—un)la = (f' (@)= f'(up)(@—un)a+ £ (un)(@—un)la = (=cpret+o)llu—un a-
Hence, |f/(@)| > 0 on A. Moreover, by optimality of @

0 < f'(@)(up — @)la < (f'(@) — f'(un))(un — @)]a + f'(un)(un —@)|a < (cpry —o)|un —alla <0,

which proves @ = uy, on the active set A. Hence p4 = 0 and pr = r4 holds.
Similarly by (2.9) and (2.14), we obtain

Fr@w, )] = (a = cprpn)lvlle = (= cprrr) ol

implying the fulfillment of the positivity condition (2.4) and the coercivity condition (2.5) at the unknown
solution u. O

Under a condition slightly different from Theorem 2.1, a similar result can be obtained. Moreover,
the conditions are more accessible than the ones from Theorem 2.1.

THEOREM 2.2. Let Assumption 3 be satisfied. Let us suppose that there exist ry,r4 > 0 such that

with r4 = \/m < R it holds
—e+ary — %r% >0, (2.15)
o—cpry >0, (2.16)
Then there exists a local optimal control @ to the original problem (2.2) with
@ —unllv <74

Moreover 4@ = up, on A and the second order sufficient optimality condition (2.4)—(2.5) holds at .

Proof. Let us define B := {u € U : ||u—unllr <71, ||lu—uplla < ra}. As argued in the proof of
Theorem 2.1, we have that the minimization problem min,cy,,np f(u) admits a solution 4. Again, it
remains to prove that @ is a local solution of the original problem. To this end, we will show that @ lies
not on the boundary of the ball B. We write

fr@)(un —a) = f(w)(un — w)lr + f/(@) (un — )| a,

7



and we will estimate the derivative of f on the active and inactive set separately. Let us define
p+ = llun —all, pr:=llun—allr, pa:=llun—1ula,
which implies p+ < ry,p;r <77, and pg < ra. For the active set, we obtain
f@)(un —w)|a = f'(un)(un — )a+ (f'(@) — f'(un))(un — @)|a
< pa(—o +cppy).
The contribution on the inactive set can be estimated as
f@)(un =)l = f'(un)(un — @)1 + £ (un)[(un — @)1, @ — up]
1
+ / (f"(un + s(@ = un)) = f"(un))[(un — @)1, @ — up]ds
0
2 1 2
< epr —apy + Myrprpa+ 5eprprpy
1
< prle —apr +Mpipa+ 5cf//pi_)
Furthermore, by the necessary optimality conditions, we have

(@) (up —a) > 0.

First, let us assume that the constraint ||u —up||a < ra is active at @, i.e. ||t —uplla =74 > 0. Then we
obtain

0 < f'(@)(up — @)|a < pal(—c+cpps) <ra(—o+cpry) <0

by assumption (2.16), which is a contradiction. Moreover, this estimate implies p4 = 0, which means
that @ = uy on the active set. Hence p. = py.

Second, let us assume that the the constraint ||u — uy||; < 7y is active at @, i.e. ||a — up||r =77 > 0.
Then it holds

1
0< f’(ﬂ)(uh — ’U,)|] < p](e —ary + §Cf//7"%) <0

by (2.15), which proves ||@ — up||; < pr by a similar reasoning as on the active set.
This implies that u is an interior point of B, and hence a local solution of the original problem. The
inequality (2.15) implies the convexity condition (2.4), which can be proven as in [15, Theorem 2.5]. O
Let us now prove a much more explicit error bound.
COROLLARY 2.3. Let the assumptions of Theorem 2.2 be satisfied. Then it holds

2¢
o —unllv < —.
«

Moreover, f"(u)[v,v] > (o — ||[u — upl|ves) |vl|F > 0 for all v € U with v =0 on A.

Here, one can see clearly that our results imply || — up||y — 0 provided € — 0 and SSC holds at @.
Surprisingly, this estimate does not involve any other of the constants present in Assumption 3 as e.g.
Cf//.

Proof. By assumption, the polynomial —e + ar; — C’;' r? in (2.15) has a positive root. Since the
polynomial is negative at r; = 0, this implies that all roots are positive. The smallest root can be
computed as

~ a — /a2 —2ecyn
7’[ frg y
Cf//

which implies a? — 2ecyr > 0. If o — 2ecyr < 0 then the polynomial would be strictly negative, which
is a contradiction to the assumption (2.15). By elementary calculations, we find

2€ 2¢
Fr = <=

a+/a? —2ecp T

The claim on the second derivative follows immediately. O
8



Let us close this section with the following observation, which gives a sufficient condition for the
assumptions of Theorem 2.2. Moreover, these conditions are easier to check and independent of M.
In addition, they highlight the fact that if o, 0, cs/, g stay bounded, the assumption of Theorem 2.2 is
satisfied if the discretization error € goes to zero, which is guaranteed at least for uniform mesh refinement.

COROLLARY 2.4. Let Assumption 3 be satisfied. If

a® —2¢cpre >0, (2.17)
ac —2cpe>0 (2.18)

holds then the assumptions of Theorem 2.2 are satisfied.
Proof. As argued in the proof of the previous Corollary 2.3, condition (2.17) is sufficient for (2.15).
Moreover, there the bound r; < 2¢/« was proven. Then we obtain

2
o—cpry >0 — cfr(g6 +ra) =a Hao —2cpe€) —cpra,

which shows that due to (2.18) we can choose r4 > 0 to satisfy (2.16). O

3. Application to the abstract problem. Here, we will transform Assumption 3 in the previous
section to assumptions on the solution (yp,un,pr) of the abstract problem (P). First we derive the
Fréchet derivatives of the reduced functional f involving the abstract PDE operator E(y,u).

Let us recall the definition of the reduced functional (2.1): f(u) = g(S(u)) + j(uw). Then the first
derivative of the reduced functional is obtained as

fwo=4¢(S)z+75u)-v Yvel, (3.1)

where z = 5’(u)v. With p being the solution of E,(S(u),u)*p = ¢’(S(u)), an obvious computation gives
the equality ¢'(S(u))z = —(E,(S(u), u)p, v)u+ v, which we use in (3.1) to obtain

f(w)o = (=Eu(S(u),u)p + j'(u), v)v- v (3.2)
Similarly for vy, vy € U, taking the derivative of (3.2) yields
f(W)[v1, va] = ¢"(S(u))[S"(u)vr, S'(w)ve] + ¢’ (S(u))S" (w)[vr, va] + 5" (u)[v1, va]. (3.3)
Since S’ (u)v = z solves
E,(S(u),u)z + Ey(S(u),u)v =0
it follows that S (u)[v1,v2] = ¢ is a solution of
Ey(S(u),u)¢ + E"(S(u), u)[(v1, 8" (u)o1), (v2, §'(w)v2)] = 0.
Again it can be shown that
9'(S()¢ = —(E"(S(u),u)[(v1, 8" (u)v1), (v2, 5 (Wv2)], P)y=v- (3.4)
Now using (3.4) in (3.3) yields
fr(w)lor, va] = g"(S(w))[z1, 22] + 5" (W)[v1, vo] = (E"(S(w), w)[(v1, 21), (v2, 22)], Py
with z; = S'(u)v;, i =1, 2.
By Assumption 1, the functions E, j, g are twice Fréchet-differentiable with Lipschitz continuous
second derivatives. In the sequel, we will need the associated Lipschitz constants. In order to get a

compact as possible notation, we will introduce a short-hand notation of bounds of bilinear forms. If
G: X x X — Z is a bounded bilinear form, then

1GlBx,2) == |Gl eix,cx.2) = sup |G (1, 22)]| 2

lz1]| x =|lz2]x =1

is the associated bound of the bilinear form.
Let us fix the Lipschitz constants and bounds of derivatives with the following assumption.
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ASSUMPTION 4. Let R be a positive constant. We assume there are positive constants cg, cg,, cg,,
CE, Cg', Cgr, Cji depending on R such that the estimates

IE(y, u) = E(y",un)lly+ < ca(ly" —yly + llu—unlv), (3.5a)
1By (y,w) — Ey(y",un)leviye) < e, (1y" = ylly + lu—unllv), (3.5b)
1B (y,w) — Eu(y" un)ll ey < ce(1¥" = ylly + lu—unllv), (3.5¢)

IE" (y,u) — E"(y",un) || swxy.y < cer(|y" = ylly + lu — unllvr), (3.5d)
lg'(y) = ¢'(W")lv+ < eqlly—y"lv, (3.5¢)

9" W) — 9" (") vy xvy < cgrlly =" lly (3.5f)

13" (w) = 5" (un) | (wxvy < e llu—unllo, (3.5g)

15" (w) = 3" (un) (o xvy= < cjrllu—unllv (3.5h)

hold for all u € Uaq, ||[u —unllv < R, y = S(u), and y" = S(up) or y* = yp.

As already indicated in Section 1.1, we can relax the differentiability requirements for F and g, i.e. it
is sufficient to have F and g to be Fréchet-differentiable with respect to a stronger space Y, < Y. Here,
we have in mind to take Y = H}(Q) and Yo, = Hg () N L>=(Q). However, we still need the Lipschitz
continuity w.r.t. y in the (weaker) space Y. Otherwise it would be necessary to have computable errors
of y and p in Ya,, which seems to be impossible for e.g. Yo, = H(Q) N L>®(Q).

Let us recall the statement of Assumption 2:

1 E(yn, un)|ly= < 1y,
19" (yn) — Ey(yn, un)*prlly= < rp,

(4" (un) = Eu(yn, un) ph,u — up) > —ry|lu — up|lu Yu € Ugq.

In the remainder of this section, we will express the constants in Assumption 3 by means of the
residuals of Assumption 2 and the constants of Assumption 4.

3.1. Error estimates for state and adjoint equation, estimates for auxiliary functions.
Let 4" and p" be auxiliary variables that solve

E(y",un) =0, (3.6)
Ey(y" un)p" =g (y"). (3.7)

respectively. The following estimates hold for the introduced state and adjoint variables.
LEMMA 3.1. Let y" p" be given by (3.6) and (3.7) respectively. Then it holds

Iy" = ynlly < ey, (3.8)
1" = pully < &

with e, =6~y and e, =6 (cgrey +1p + cp, ey llpnlly)-
Proof. Since y" is a solution of the nonlinear equation, we have E(y", up) — E(yn,un) = —E(yn, un).
Testing this equation with y” — 1, and using the strong monotonicity of F we obtain

" — ynlly-

Slly™ = ynll¥ < IE(yn, un)|ly-

The result then follows by using the residual estimate (1.6).
For estimating the adjoint state, observe that p" — p;, fulfills

Ey(y" un)* (0" — pn) = ¢ (") — 9'(yn) + (¢'(yn) — Ey(yn,un)*pr) + (By(yn, un)* — Ey(y",un)*) pa.

Hence by Lipschitz properties (3.5¢) and (3.5b) of ¢’ and E,, respectively, and the residual estimates
(1.7) and (3.8), we obtain

Ip" = pully <67 (Ilg'(W") — o' (wn)lly= + 119" (un) — By (yn, un) pully+)
+ 07 By (yn, un) = By(y", un) |l v,y Ipally
<67 (egllyn — "Iy +rp +cr, I1y" — unlly [pally)
<6 (egrey +rp+cry€yllpnlly) -
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O

As one can see in the estimates above, it holds ||y" — yx|ly — 0 and ||p" —pp|ly — 0 if ryy,7, — 0. In
addition to these results above, we derive bounds for the norms of y* and p”*, which will turn out useful
in the sequel.

COROLLARY 3.2. Let y" p" be as defined in (3.6) (3.7) respectively. Then it holds

ly" Iy < My, (3.10)
1"y < M, (3.11)
with My = €, + [ynlly and My = €, + ||pn|ly-
Proof. The claim is an easy consequence of Lemma 3.1 and the triangle inequality. O
3.2. Lipschitz estimate of f’, computation of c¢s/. Let u € U,q be given with |[u — us|lv < R.
We define the associated state y and adjoint state p through
E(y,u)=0 (3.12)
Ey(y,u)'p=g'(y). (3.13)
In order to obtain the Lipschitz estimates for f’ and f” we have to estimate the differences y — ¢ and
h
bp—p.
LEMMA 3.3. Let u € Uyq be given and y,p be the associated state and adjoint state solving (3.12)
and (3.13) respectively. Then it holds

ly = y" Iy < eyllu—unllv, (3.14)
lp = p"lly < epllu—unllv (3.15)
with
cy =0 tep,

cp = 07" (cgey + Mycg, (¢, +1)) .

Proof. The functions y and y” are the solutions of E(y,u) = 0 and E(y",us) = 0 respectively.
Therefore we can write

<E(ya ’LL) - E(yha u)a y— yh>Y*,Y = <E(yha uh) - E(yha ’U,), Yy — yh>Y*,Y
By the monotonicity assumption on E we obtain using (3.5a)

6||y - yh||2Y < HE(yhauh) - E(yhau)|

<cpllu—upllully —y" v

y—y"ly

Y *

which gives the first estimate.
For the second estimate, recall that p and p" are the solutions to the equations E,(y,u)*p = ¢'(y)
and By (y", up)*p" = ¢'(y"), respectively. Hence, the difference p — p" fulfills

Ey(y,w)(p—p") = 9'(y) = g' (") + (By (" un)” = By(y,u)") p"
Using the Lipschitz estimates (3.5¢),(3.5b) together with (3.11) and (3.14) we obtain the a-priori estimate
lp ="l <671 (g (W) = ' W)y~ + 1By (6" un) = By (4" w)l civy 10" 1v)

<6 Hegly—y"lly +cr, (ly—v"lly + llu—unllv) M,)
<6 (egeyllu—unllo + cr, (cy + 1)|Ju— uplluM,) .

O
LEMMA 3.4. Let u € Ugyq be given such that ||u — uplly < R and set v = uw — up. Then the first
derivative f' of the reduced functional satisfies the Lipschitz estimate

£/ () = ' (un)]|

v < cprflu—upllu
with

cpr =cg,(cy + 1)(Rep + Mp) + ¢, (Echu + | Bu(yn, Uh)Hﬁ(U,Y*)) +cjr.
11



Proof. Let p" be as in (3.7). By previous computation f/(up)v = (—E,(y", un)*p" + ' (un),v)v- v
Using the Lipschitz estimate (3.5g) we have

1 (w) = f"(un)llo- < [ Buly® un)*p" = Buly.w)*p + 5 (u) = ' (un) v~
< 1Bu(y" un)*p" = Buly,w)*pllu- ol + 115 (w) = ' (un) o= (3.16)
< 1By, un)*p" = Euly,w)*pllu-vllu + ¢ lu — unllu.

By adopting the splitting
Eu(y",un)p" — Eu(y,u)*p = Eu(y,u)* (0" — p) + (Eu(y", un)* — Eu(y,uw)*) p"
= (Bu(y,u) — Eu(y" un) + Eu(y", un) — Eulyn, un) + Bulyn, ur))” (0" — p)
+ (Bu(y",un)* = Eu(y,w)*) p"

we estimate

I Eu(y", un)*p" — Eu(y, u)*pllus < 1Eu(y, u) = Eu(y",un)|l cw,y+llp" = plly
+ (1B (v", un) — Bulyn, un)ll e,y + 1 Bu(Yn, un) | e y=) 19" = plly

+ I Euy" un)* = Bu(y,w)*[lew,y-) 19"y
Thanks to property (3.5¢) of E,, (3.14) and the residual estimate (3.8), it holds
1Bu(y, 1) = Eu(y" un)l ey < e, (ly = 9" lly + lu—unllv) < cp, (e, + DR (3.17)
and
1 Bu(y", un) — Bu(yn, wn)lle@y-) < ce v —unlly < ce, ey (3.18)

Hence by (3.15) and (3.11)

| Bu(y", un)*p" — Eu(y,u)*p|

ve < (cm,(cy + )R+ cp ey + | Eu(yn, un)llcw,y+)) cpllu — unllu

(3.19)
+cp, (cy + 1) Mp|lu — upllu.

Finally substituting (3.19) in (3.16) yields the desired estimate. O

3.3. Estimates for f'(up), computation of ¢ and o. After having computed the Lipschitz con-
stant of f’, we will now derive bounds for the constants € and o appearing in the first-order part (2.6) of
Assumption 3.

At first, we will estimate the difference between f’(uy) and the gradient of the discrete problem
defined by

fr(un) == —Eu(yn, un)"pr + 5’ (un). (3.20)

Here, we have the following.
LEMMA 3.5. Let f}(un) be defined by (3.20). Then it holds

1" (un) = fr(un)llo- < ep (3.21)
with

€f = cp,eyMy + €pl| Eu(yn, Uh)”L(U,Y*)-

Proof. Let v € U. We estimate the difference

Lf (un) = f7.(un)]

ve = [|Bu(yn, un)*pr — Eu(y", un)"p"|
<N EBu(yns un) — Bu™, w)ll ey 10"y + |1 Bu(yns un) || ey

U*

Ph—Ph”Y-

Using (3.18), and the bounds of p” and p;, — p” in (3.11) and (3.9), respectively, we have the estimate

| Eu(yn, un) pn — Eu(y",un) p" o= < cu, ey My + | Eu(yn, un)ll oy (3.22)
12



which proves (3.21). O

The estimate for the positivity constant ¢ can now be computed easily thanks to the result of the
previous Lemma 3.5.

LEMMA 3.6. For all admissible control u € Ugq with ||u — upllu < R the following inequality holds
on the active set of up,

f'(un)(u —un)a > oflu —unlla
where
0 =0 — €4,

o— 1 / .
on = min | fy (un )il

Proof. We write

f(un)(u—un)|a = (f"(un) = fr,(un))(w—un)|a+ f,(un)(w —un)|a > (on = || £ (un) = fi(un)|)lu = unl| 4,

which yields the result upon applying the estimate (3.21) provided by Lemma 3.5. O

Furthermore, we have the following estimate for the first derivative of f on the inactive set.

LEMMA 3.7. For all admissible control w € Ugq with |[u — up|lu < R the following inequality holds
on the inactive set of up

f(un)(w —up)|r > —ellu —up|s
where

€:=cg, ey M, + epHEu(yha Uh)”L(U,Y*) + T

Proof. Applying the residual estimate (1.8) it holds

Fun)(w—up)lr = (—Eu(y" un)p" + 5’ (un), v — up)u+ v
= (Eu(n,un) pn — Eu(y" un) 0", u — un)ue v + (5’ (un) — Bu(Yn, un)*phyu — up)v- v

v

~N Bulyn, un)*pr — Eu(y™, un)*p" o+ ||u — unllo — rul|u — un o

The estimate for the leading term is given by (3.22), which gives

S (un)(u —un)lr > = (cg, ey Mp + || Eu(yn, un )l cw,y+) + 7u) lu— unllv-

3.4. Estimates of f”, computation of cy» and M. Let us now turn to the relevant estimate
for the second derivative f”, which was derived above as

f(w)[v1, va] = g"(S(u))[21, 2o] + 3" (W)[v1, va] — (E"(S(u),u)[(v1, 21), (v2, 22)], P)y=y

with p solving (3.13). Obviously, any change in u will not only change the argument of ¢, j”, and
E”, but also it will change the point, where the linearization of the solution operator S is made. This
necessitates analysis of S"(u) — S’ (up) in order to be able to estimate f”(u) — f”(up).

Let v; € U, ¢ = 1,2 be given. In the sequel, unless otherwise stated, z;, zlh are defined as the solutions
of

By (y,u)zi + Eu(y, u)v; =0, (3.23)
Ey(y",un)2l + Eu(y", un)v; =0, (3.24)

respectively. That is, we have z; = S’(u)v; and 2z = S'(up)v;. To be able to find the Lipschitz estimate
for the second derivative f”, we derive the following useful estimates.

LEMMA 3.8. Letv; € U be given. Let z;, zI' be defined by (3.23) and (3.24) respectively. Then for
u € Ugg, ||lu —unllv < R it holds

Izilly < M- |[villu, (3.25)
Iz lly < Menfoillu, (3.26)
Iz — 27 lly < eallu—unllylvillo. (3.27)
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The bounds are derived in the course of the proof.
Proof. First, testing (3.24) by z! one finds the a priori estimate

Iz lly < 8 HIEu(y" un)l ey lvillo
< 5! (||Eu(yh,uh) - EU(yhaUh)HC(U,Y*) + ||Eu(yhauh)||L(U,Y*)) ||'Uz||U
Due to (3.18), we obtain
Iz8lly <671 (cpaey + 1 Eulyn, un)llew,y-)) lvillo,

which implies M,n = 067! (cg, ey + | Eu(yn, un)| c(,y+))- Similarly by using the already obtained esti-
mates (3.17) and (3.18), we obtain from (3.23)

Izilly <6~ Ew(y, w)ll cw,y=llvillo
< (1B, u) — Bu (" un)ll ey + 1Ba(y™, un) — Bu(yn, un)|l e,y
N Eu(yn, un)ll e,y =) llvillo
<ot (CEuR(Cy +1)+cp,ey+ ||Eu(?/hauh)||z:(U,Y*)) l|villo,

which gives M, = 67! (cg, R(cy + 1) + cg, €y + | Eu(yn, un)|| c,y+)). To estimate z; — 2!, observe that
2 — zlh fulfills

Ey(y,u)(zi — 2) = (Bu(y", un) = Bu(y,w) vi + (By (4", un) — Ey(y,u)) 21"
This implies the a priori estimate

2 — 20y <67 Eu (", un) — Eu(y, w)l| ey lvillo + 11 Ey (4" un) — Ey(y, u)ll vy 128y -

Employing (3.5¢) and (3.5b) in estimating the first and second addends respectively, and using the
estimates (3.14), (3.26) gives

lzi — 20y <6 em, (" = ylly + llun — ullv) llvillu + ce, (Iy" = ylly + llun — ullo) M ]villo
< 57 ei, (e + llun — ulu el + ez, (ey + DMon i~ wlo sl
which yields the last estimate (3.27) with ¢; = 6~'(¢cy + 1)(cg, + cp,M,n). O
Now we are ready to do the first step in estimating f”(u) — f"(up).

LEMMA 3.9. Let u € Uyg and v; € U, @ = 1,2, be given. Let z;, zf‘, 1 = 1,2 be defined as in the
previous lemma. Then it holds

19" ("), 28] — 9" (W) (21, 22)| < Cyrlu—wnllullonllullvallu
with

Cyr = cqrey Mz + c. (cgrey + 9" (un) (v xv)-) (Men + M)

Proof. We split

9" (")t 28] — 9" ()], 22
=(g"W") — 9" W) [z1, 22) + (9" (") — 9" (wn) + 9" () ([27, 23] — [21, 22])
=(g"(W") = 9" W) [21, 22) + (9" (") — 9" (yn) + 9" () ([ — 21, 28] + [21, 25 — 22])

so that we can estimate

19" (y")[21, 23] — g ()21, 23]
<lg"W") = 9" W)l v xv)-
+ (9" @") = 9" W) lloy vy + 1" W)l v svy-) (128 = zally 12811y + 128 = z2lly lz1lly) -
14
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Now upon applying the estimates (3.25)-(3.27) in Lemma 3.8, and the Lipschitz estimate (3.5f) of ¢”, we
obtain

19" (") 28] = 9" (W), 22| < egrlly” = ylly M2 v [l vzl
+ (carlly" = wnlly + llg” ()l v xvy-) (e:M2 + ez M) lu = unllullvrl|v vzl

Employing the estimates (3.14) and (3.8) for ||y" — y||y and ||y" — yn||y we obtain finally

19" (™)1, 23] — 9" (y) 21, 22

< (eqrey Mz + ¢z (cqrey + 19" (n)ll v xvy-) (Mon + M) [u = unlulvillulvz]lo,

which is the desired result. O

In order to simplify the exposition of the Lipschitz estimates of the part of f” that involves E”, we
present the next lemma, where we have in mind to choose G = E" (y, u).

LEMMA 3.10. Let G be a bounded bilinear form on the space U xY,i.e., G: (UxY)x(UXY) — Y*.
Let v; € U and for i = 1,2 let z;, 2! be defined by (3.23) and (3.24) respectively. Then for the pairs
d" = [(vy, 2}), (va, 28)] and d = [(v1,21), (v2, 22)] of directions it holds

1G(d)]
IG(d") — G(d)|

v < Mg ||G||B(UxY,Y*)||U1||U||U2||Ua (3.28)

u—upl[vlfvilvlvzllo (3.29)

v+ < ci|Gllawxy,y+)
where

My = (1+ M.)?,
Cd:CZ(2+Mz+Mzh).

Proof. Tt holds

1G(d)]

ve <Glswxvys)(loillv + lz1lly)(lo2llo + ll22]lv)
<Gllswxy.y+) ([orllullvally + [lorllvllz2lly + Izl lvzllo + lzfly l[22]ly)
<Gl xv,y+ (1+2M. + M2) [[or|lvfv2lo-

For the second estimate, we have due to the bilinearity of G

G(d") = G(d) = Gl(v1, 27), (v2, 23)] = G[(v1, 21), (v2, 22)]
= G|(v1,0), (v2,0)] + G[(v1,0), (0, 25)] + G[(0, 21), (v2,0)] + G[(0, 1), (0, 23)]
= G[(v1,0), (v2,0)] = G[(v1,0), (0, 22)] = G[(0, 1), (v2, 0)] = G[(0, 21), (0, 22)]
= G[(v1,0), (0, 23 — 22)] + G[(0, 21" = z1), (v2,0)]
+G[(0, 27 — 21), (0, 23)] + G[(0, 21), (0, 25 — 22)].

Hence, we can estimate

IG(d") = G(d)lly~ < IGllswxyy= (lvllullzs = 22lly +llvallullz) — z1lly
+ll23 = zellyllzlly + ll28 = z1llv[l22]y)
<NGlBwxyy=ez 2+ Mz + Man) [[u—unlvllorfvllva|lv,

where we used the estimates (3.25)—(3.27) provided by Lemma 3.8. O

LEMMA 3.11. Letv; € U, i = 1,2, be given. Let z;, 2, i = 1,2 be defined as in Lemma 3.8, i.e.
2z and 2! solve (3.23) and (3.24), respectively. For i = 1,2 let z;, 2! be defined by (3.23) and (5.24)
respectively. Let w € Ugq, ||u—unl|lu < R with associated adjoint state p that solves (3.13) be given. Then
it holds

‘(E”(yh,Uh)[(thi‘)(vz,ZS)], P)yey = (B, 0)l(v1, 21) (02, 22)), D)y y | < Crrllu — unllu i ullvzlo

)

with

Cgr = (CEHEy + ||E//(yh,Uh)||B(U><y7y*)) (Cde + CpMd) + Macgr (Cy + 1)(Mp + ch).
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Proof. Let d" = [(v1,2%), (v2, 28)] and d = [(v1, 21), (v2, 22)]. We write
(B"(y" un)(d"), p")y. y = (E"(y,0)(d), D)y y
= (E"(y,u)(d), p" = p)y. y + (E" (" un)(d") = E"(y,u)(d), p")y. ,, (3.30)
and
E"(y" up)(d") = E" (y,u)(d) = E"(y",un)(d") = B" (", un)(d) + E"(y",un)(d) - E"(y,u)(d). (3.31)
The first term on the right-hand side of (3.30) is estimated using the estimate (3.28) and (3.15) as
(B (y,u)d, p" = p)y-y < |E"(y, w)d]y-p" — plly

< M| E" (y,w)|lswx<v,y < 1" = pllyllvillullvz]lo
< Macy | B (y,u) || 3w x v,y llw — unllullor ooz o

Applying the Lipschitz property (3.5d) of E” we obtain

IE" (y,u)llswxy,y < IE"(y,u) — E" (", un) s v,y + 1E” " un) — E” (yn un) | Bwx v,y
+ |E" (yn, un) | B xv,v+)
<cpr (ly=y"ly + llu—unllv + 19" = ynlly) + 1 E” (yn, un) 3w vy
< cpr((ey + DR+ €y) + 1" (yn, wn) lsw<v,y),
(3.32)

where we used the error estimates (3.14) and (3.8). Hence, we get

(B"(y,u)d, p" = p)y~y < Macy (cer((cy + 1R+ &) + [|E" (yn, un) 5w xv,y)) llu = unllulvr[[o]|vz |-
(3.33)
To estimate the first addend on the right-hand side of (3.31), we employ Lemma 3.10

1B (4" un)(d") = B" (" un)(d)lly~ < call B (4" un)ll v,y = llw = unllo|or|[v]fvz]|o- (3.34)
Applying again the Lipschitz property (3.5d) of E” and the residual estimate (3.8) we have the estimate
||E”(yh, Uh)||B(UxY,Y*) < ||E”(yh, up) — E”(yh, Uh)||B(UxY,Y*) + ||E/I(yh7uh)||B(U><Y,Y*)

< ey = ynlly + 1 E" (yn, un)ll s v,y+) (3.35)

< cpréy + ||E//(yhvuh)”l’>’(U><Y,Y*)-

Now substituting the estimate (3.35) in (3.34) we obtain

1E" (" un)(d") = B" (4" un)(d) [y~ < ca (cerey + B (yn, un)llswxvy-) v = unllu v ullvalo-
(3.36)
The second addend in (3.31) is estimated as in (3.32) and applying (3.28)

1" (", un)(d) = E" (y, u)(d)]

v+ < cpr(ey + 1) Mallu — upllu v |lvlva]lu- (3.37)

Putting (3.33), (3.36), and (3.37) together the claim follows after simple factorization, with the bound
Ilp"ly < My, cf. (3.11). O

We have now obtained all the necessary ingredients to compute the Lipschitz constant of f”. The
estimate is given in the following lemma.

LEMMA 3.12. Let u € Uyq with ||u —up||lv < R and v; € U, i = 1,2, be given. Then the estimate

|(F" () = £ (un))[vr, va]| < epollu = unllullvillullvzllu

holds with cfrr = cjr + Cg// +Cgr.
Proof. The second derivative f” is given by

" (un)vr, va] = " (un)[v1, v2] + 9" (") =1, 23] = (B" (" un) (01, 21), (v2, 25)], ") v= v
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Then we obtain
[ (F" () = £ (un)) [or, va]| < 115" (w) = 5" (un) | oy It o lloallo + |9” (W) (21, 22] = g" (") 21" 23]
+(E" (" un)[(v1, 21), (v, 25)], 0™ )y v — (B (y,w)[(v1, 21), (v2, 22)], P)y=v-
With the help of Lipschitz estimate (3.5h) for j”, Lemma 3.9 and Lemma 3.11 one finds
| (£ (u) = f"(un)) [v1,v2]| < (ejrr + Cgr + Cpr)llu — unllullvillullvallo,

which completes the proof. O

Using similar arguments and estimates, we derive now a uniform bound of f”.

LEMMA 3.13. Let u € Ugq with |[u—up||lv < R be given. Then there is a positive constant My» such
that

£ (W)l xvy < Mo

holds with

Mg = cju R+ 7" (un) | xvys + cgrey R+ cgrey + 119" (yn) (v xv)-
+ Mg (cer ((cy + )R+ €y) + |E" (yn, un) | w < v,y+)) (cpR+ My).

Proof. Let us take v; € U with ||v;||u = 1,7 = 1,2. Using (3.28) we have

Lf" (u)or, va]| < Nl53" (w)ll sy + 119" W) |y vy + [(E" (y, u)[(v1, 21), (v2, 22)], ) v+ v]

. (3.38)
<7 (Wl wxvy + 19" Wl oy xvy + Mall E” (y, w) | wxy,y)llplly-

We estimate each of the norms separately as follows. First, making use of the Lipschitz property (3.5h)
it holds

-/

17" (Wl wxvy- < 13" (w) = 3" (wn)llwxvys + 13" (wn)llwxv)-

. (3.39)
S Cj//R + H]”(uh>H(U><U)*7

where we have estimated the norm ||u — up||y by its upper bound R. Secondly, applying property (3.5f)
of g”, estimate (3.14) and the residual estimate (3.8) we obtain

9" WDy xvy < 119" W) — " @)l vsvy + 19" @") = " @)l oy vy + 119" Wn)ll v vy

(3.40)
ScegreyR+cgrey + ||9H(yh)H(Y><Y)*-

With the aid of estimates (3.15) and (3.11), the norm of the adjoint state p is estimated as
Iplly < llp = 2"y + 19" lly < cpR + M.

Finally putting the already obtained estimate (3.32) of [|E”(y, u)||swxy,y+), (3.39) and (3.40) in (3.38)
we obtain
|F" (w)or, v2]| < ejn R+ (3" (un) lwxuvy+ + cgrey R+ cgrey + 119" (yn)ll (v xvy=
+ Ma (car ((ey + )R+ €y) + |E" (yn, un) | c(uxyyz,y+) (pR+ €5 + lpnlly) -

3.5. Computation of coercivity constant a. Let us now describe how to determine the lower
bound « in (2.5). The particular challenge is to find a computable estimate. Due to the finite-dimensional
control space, the inequality

F@)o,0] > allol} Vo eU (3.41)

is equivalent to the inequality \; > « for all eigenvalues \; of all possible matrix realizations of f”. Let
us choose

{v1...v,} to be the canonical basis of U = R".
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This choice also fits to the inequality constraints in U,q: as they are posed component-wise, they are
equivalent to inequality bounds on the coordinates of control vectors with respect to the chosen basis.
With the basis {v;...v,} fixed, the inequality (3.41) is equivalent to the statement that all eigenvalues
of the symmetric matrix F', F;; = f"(u)[vi, vj], 4,5 = 1...n, are greater than .

Let us recall the structure of f”. Let u € Uyq be given with the associated state y and adjoint p.
Then we have

f (Wi, v5] = 5" (Wi, v5] + " ()23, 23] = (E" (y, w)[(vi, 20), (vs, 25)], )y =y (3.42)
where the functions z; are the solutions of the linearized problem

As a consequence of representation (3.42), we have that the constant « in the inequality (2.7), which
reads

f(up)[v,0] > al|v||? YweU: v;=0i¢€ A,
is equal to the smallest eigenvalue of the matrix L" given by
Lh = (j”(uh)[viavj] + g”(yh)[zzh’ Z;l] - <E”(yh’uh)[(via Zzh)a (Uj’ zh)]aph>Y*7Y)ijeI (3'43)
where the functions z! solve

By(y",un)z + Eu(y", un)vi = 0. (3.44)

However, since y" as well as p" and 2! are solutions of the partial differential equations, the entries of
L are not computable. We will overcome this difficulty by making use of the computable matrix

L= (7" un)low. 3]+ 0" ) o 0] = B o) (00200, (g )lpidye v ) o (345)

where the functions z; 5, € Y}, are solutions of discrete linearized equations

(Ey(yn,un)zin + Eu(Yn, un)vi, Yn)y=y =0 Vb, € Y. (3.46)

Let us emphasize that all the involved functions are discrete quantities and as such can be computed,
which makes L;, computable as well. By construction, L" and Lj, are the matrix representation of f”(uy,)
and f/'(un), where f;, denotes the cost functional of the discrete problem.

We define «j, to be the minimum eigenvalue of matrix L;. We will later on assume that oy, > 0. This
is a verifiable assumption since the entries and the eigenvalues of matrix Lj are computable. Moreover, if
up, is a solution of the discrete problem then oy, > 0 holds by second-order necessary optimality conditions.

To be able to estimate the error between L" and Lj, we make the following assumption on the
discrete functions z; », and the residuals of (3.46).

ASSUMPTION 5. Let (yn, upn,pn) be as in Assumption 2. Let {v1...v,} be the canonical basis of R™.
Let z; 5, be approzimations of solutions of (3.46). We suppose that the upper bounds on the associated
residuals are avatlable as

HEy(yhauh)Zi,h + Eu(yn, un)vily- < ry; Vi=1...n.
Analogously to Lemma 3.1, we have the following result on the error between z; 5 and z/.
LEMMA 3.14. Let Assumption 5 be satisfied. Let zI' be given as solution of (3.44). Then it holds
12 = zinlly < ez (3.47)

with €3 =07 ((ce, +cp,llzinlly)ey +724), i =1...n.
Proof. The difference zf — z; p, satisfies

Ey(y" un) (2! — zin) = —Eu(y", un)v; — By(y", up)zipn
= _(Eu(yh; uh) - Eu(yha ’U/h))’UZ‘ + (Ey(yha uh) - Ey(yhauh))zi,h

+ Ey(yn, un)zih + Eu(Yn, un))v;.
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Using the Lipschitz estimates of E, and E, and the result of Lemma 3.1, we obtain

2! — zinlly <07 ((ce, + cB, |25 nlly ey +72,0).

COROLLARY 3.15. Let Assumption 5 be satisfied. Then it holds
2/ ly < M_n (3.48)

with M, =€t lzinlly, i=1.

The' following lemmas, analogous to Lemma 3.9 and Lemma 3.10, are required in the subsequent
computation.

LEMMA 3.16. Let 2! be defined by (3.24) and zi,h by (3.46). Then the following inequality holds

|9”(yh) Zz J] g (yh)[zi,h;zj,hH < €y,

fori,j=1...n, where

egr, = g Mo Morey +lg" (yn)ll (v )= (Mz]hezai + ||Zi,h||Y€z,j) -

Proof. We can write

9" (W) 20 = 9" (yn)[2im, 2.0]
= (9" (") = ¢" ()=l 231+ ¢" (n) (21 2] = [2ins 2.0)
= (9" W") = ")l 251+ 9" (un) ([ = 2ins 23] + [zins 2] = 250]) -
We estimate the first addend of (3.49) using the Lipschitz estimate (3.5f) of ¢”, (3.48) and (3.8) to obtain
(9" (") = " wn)l=l, 271 < Nlg" (") = " )l v vy I v 127 1y
< cg”Hy — ynlly M.p M. (3.50)
< cguMz?MZ]hey.

(
3.49
" (3.49)

The second addend is likewise estimated using (3.47) and (3.48) as

9" (yn) (120 = 2i,n0 20+ (20, 2 — 250)) | < 9" W)l oy xvy= 120 = zinlly 120y + lzinlly 12} = zinlly
< Nlg" )l orswy (Mapens + llzinllves,s)
(3.51)

Now putting (3.50) and (3.51) in (3.49) yields the claim. O
LEMMA 3.17. Let G be a bounded bilinear form on the space U XY, i.e. G: (UxY)x (UXY) — Y*.
Let dff; := [(vi, 2}"), (vj, 2] and d; 55 = [(vi, 20,n), (v, 25,0)], 4,5 = 1...n. Then it holds

1G(dijn)lly+ < Ma, ;  |Gllsw v,y (3.52)
”G(d?,j)HY* < My, , |G||B(U><Y,Y*)7 (3.53)
1G(d};) = G(dijn)lly- < €a IGlBwxy,ye) (3.54)

for alli,j =1...n, where the constants are given by

Ma, ;. = 1+ [[zinlly) A+ [[20]y),
Mdi,j : (1 +Mz?)(1+Mz§lHY)a

€d; ;= €2i(1+11z5nlly) + € (1 + M),

Proof. For the first two estimates, we follow the steps of the proof of (3.28) in Lemma 3.10. Since
[lvillo = 1, we have

1G (i jn)l

v = [|G[(vi, zi,n), (V5 25,0)] ||y =
< |Gllswxy,y=) Ulvillo + lzinlly)(lvillo + 1znlly)
<|Glswxy,y- A+ lzinlly) A + | zjnlly).
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Similarly using (3.48) we obtain (3.53). For the last estimate, the proof is analogous to that of (3.29).
Applying the estimates (3.47) and (3.48) we obtain
1G(d};) = G(dijn)lly= = IG[(vi, "), (v, 2))] — Gl(vi, 2i.n), (5, 2.0)] |1y
<NGlswxyy= (lvilloll = zinlly + llvillollz = zinly
+llzf = zinlv Iz v + 12f = zinlly lz5nlly)
< Glswxvye) (€@ + 2ially) + €xg(1+ M) )
o

Please note that the estimates €, and eg, , are symmetric, e.g. it holds €, = €4, which follows
i, > ij gyi

from the structure of the bound M,» given by (3.48). This is a nice coincidence as these error estimates
are error bounds for symmetric perturbations of symmetric matrices.
LEMMA 3.18. Let dﬁj and d; ;1 be as defined in Lemma 5.17. Then it holds

[CE" (yn, un)(din), pr)y =y — (B" (4" un)(dl;), p")y- v ]| < By,
with

€E1{:j = Mdi,j CE//EyMp —+ ||E”(yh, uh)||5(U><y7y*) (Edi’j Mp —+ de,yhep) .

Proof. Tt holds

(E" (yn,un)(dign): pr)y=y — (E" (" un)(d];), p")vey
= (E" (yn, un)(dijn) — E" (" un)(d}), D"y ey + (E" (Yn, un)(di jn)s o — D")yey

" 1. h h h /1 h (3'55)
< NE"(yn, un)dign — E"(y" un)(di ) lv=11p" Iy + 1B (yns wn)(di jn) lv=[lpn — 0" v

Y*
We employ a similar splitting as in (3.31) to obtain
E" (yn,un)(dijn) — E" (y" un)(d ;) = (E” (yn,un) — E" (y", un)) (d7;)
+ E" (yn, un)(dign) — E” (yn, un)(dy ;).
Hence, by applying the estimates (3.53), (3.54), (3.5d) and (3.8) we obtain

IE" (yn, un)(dijn) — E" (", un)(dl ;)]
< | (B (ynun) — E" (4" un)) (d2;)]

Y *

vo + NE" (yns wn)(dijn) — B (s un)(d])]

Y*
< Ma, I1E" (yn,un) — E" (" un)lsw v,y ) + €do, | B (s un) | v,y +) (3.56)
< My, ;cerllyn — v ly + €a, , I1E" (yn, un) | Bwxy,y+)
< My, jcprey + €a, |1 E" (Yns un) | o sv,y+)-
Due to (3.52), it holds
IE" (yns un)(dijn) Iy~ < Ma, ;| E” (yn, wn) |l 5w xv.y+)- (3.57)

Altogether, substituting (3.56) and (3.57) in (3.55) we arrive at
[(CE" (yn, un)(dijn)s pr)y=y — (B" (y" un)(d};), p")ye v |
< MP (Mdm‘ CErey + €d; 5 ||E”(yh, uh)”B(UXY,Y*)) + GPMdi,j,h ||E”(yha uh)”B(UXY,Y*);

where we applied (3.11) and (3.9) to estimate the norms ||p" ||y and ||p* — pu||y, respectively. O
Now we are in the position to prove the following bounds for the entries of the error matrix L" — L.
LEMMA 3.19. Let the matrices L" and Ly, be given by (3.43) and (3.45), respectively. Then it holds

h — »
[Lij = L ;| < &ij = €oy, tepy,, hiEL
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Proof. By the definitions (3.43) and (3.45), the elements of the error matrix e;; fulfill

eij = 3" (un)(vi, v5) + 9" (y") (21", 2) — (B" (4" un) [(vi, 20, (05, 20)) 0" ) ve v
= 3" (un) (i, v;) = 9" (n) (2 25,0) + (B (Yn, wn) (V35 20,n), (55 25,0)]s Pr) v,y
< 19" (")l 2)) — 6" (yn) (zins 25))|
+ | E" (g un) (V35 2in)s (Vg 250)]5 Pr)y =y — (B" (4" un)[(vi, 20, (v, 2], o)y v |-

Applying the results of Lemma 3.16 and Lemma 3.18 completes the proof. O

We finalize the computation of the coercivity constant by recalling the following result from matrix
perturbation theory.

THEOREM 3.20. Let the matriz A be perturbed by a symmetric matriz £, and denote by A\(A) the
k-th eigenvalue of A. If A and A+ £ are n X n symmetric matrices, then

Ae(A+E) = Ae(A)] < [I€]l2

fork=1...n

Proof. The simple proof can be found in [7]. O

THEOREM 3.21. Let o, ap, be the minimum eigenvalues of matrices L" and Ly, respectively. Then it
holds

a>an — ||€]2

where the error matriz £ = (&; ;) is given in Lemma 3.19.

Proof. The claim follows from the previous Theorem 3.20, as L, Ly, as well as £ are symmetric
matrices. Moreover, & ; is an upper bound of |L? i — Ln, ;|, which implies |IL" — Lpl2 < ||€]|2- O

If @ is a solution of the optimization problem satisfying the SSC, then the bound «ay, will eventually
become positive. If mesh refinement is done is such a way that the residuals ry, r,, r, vanish and u, — u,
then the error ||£]|2 will tend to zero as well.

3.6. Main result. Let us summarize the results obtained in this section so far. The goal of all
these work was to derive bounds to apply the results of Section 2. Let us recall that these results were
given in terms of quantities €, a, o, and ¢/, cgrr, My, cf. Assumption 3. All these constants were derived
in the previous subsections. It remains to collect them and to present the main result, which is an error
estimate for the error in the solution. Moreover, it allows to verify the fulfillment of the second-order
sufficient condition a-priori.

THEOREM 3.22. Let €,c,0, and cyr,cpr, Myn be computed according to the results in this section.
Let us suppose that these constants satisfy the assumptions of Corollary 2.4. Then there exists a local
solution @ of (P) that satisfies the error bound

2€
@ —unllov < —.
«

The solutions @ fulfills the second-order sufficient condition given by (2.4)—(2.5). Moreover, we have the
a-posteriori error representation in terms of the residuals in Assumption 2

B 2
g — upllu < o (ru + Wy Ty + wpTp)
with weights given by

wy =cp, 0" (072 (cg + e, lIpnlly) ry + Ipnlly) + 1Bu(yn, un)ll vy 0" (e + e, llpnlly)
Wp = 5! (CEﬂ’y + HEu(yh,Uh)HL(U,Y*)) .

Proof. The claim follows from Corollaries 2.3 and 2.4 as well as from the representation of € in terms
of ry,ry,rp derived in Lemma 3.7. O

4. Application to parameter optimization problems. In this section, we apply the developed
abstract framework to the parameter optimization problems (1.2) and (1.3), which were introduced in
the first section. First, we fix the following settings, which are common to both problems.

Throughout this section, 2 is a two or three dimensional bounded Lipschitz domain with boundary
Q. The state space is Y = Hg(Q), its dual Y* = H~1(Q) and the control space is U = R™. The
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functions yq, U, up, the regularization parameter x > 0 and the source term g are all given in appropriate
spaces. Furthermore, the functionals g, j in (1.1) are given by

1 . K
9) = 5y —vallday 3= Sl

At first, let us argue that the cost functional, in particular the functions g and j met the requirements
of Assumption 4. Indeed, we find that (3.5e)—(3.5h) are satisfied with

— 72 — — —
cg =15, ¢y =K, cg» =0, ¢jv =0.

Here, we denoted by I the norm of the embedding H'(Q2) < L*(2). Moreover, it holds [lg" () (v xy)* <
I3 and " (w)||(rxvy = & for all w € U, y € Y, uniformly.

We will argue in the sequel that the resulting optimization problems subject to the nonlinear elliptic
equations (1.2) or (1.3) fulfill Assumption 1. Let us first describe the employed discretization procedure.
Afterwards, we will report on how the remaining estimates in Assumption 4 are computed for each
problem.

4.1. Discretization and computation of residuals. We used standard finite element techniques
to discretize the problem. The domain is divided into triangles. The finite element space Y} is the
classical spaces of piecewise quadratic and continuous elements (P2).

The critical part is the computation of the residuals. Here, ’computation’ refers to the fact that
we need constant-free error estimates, i.e. we have to determine r, satisfying ||E(yn, unly+- < 7y, n0
extra constants involved. That means, we cannot use standard residual-type a-posteriori error estimates.
Nevertheless, there are quite a few options available, as for instance the so-called hypercircle method, see
e.g. [5], estimates based on local H (div)-error representations [17], equilibrated residuals [1], or functional
error estimates [13].

We used a related technique, as described in [12]. Let o € H(div) be given, i.e. o € L?(Q)¢ with
div(c) € L*(Q). Then we can estimate the residual in the equation —Ay+d(y) = f at a discrete function
Yn as

[=Ayn +d(yn) — fllu- < [[=Ayn —div(o) || p-+ + || div(e) +d(yn) — fllu-
<|IVyn + oLz + L[ div(e) + d(yn) — fllz2-

In our computations, we used the Raviart-Thomas elements RT; to discretize the space H(div). In a
post-processing step, we computed o as minimizer of

IVyn + o2z + I3 div(o) + d(yn) — flZ-.
Then the residual was computed as

I=Ayn +d(yn) = flla— < IVyn +onllrz + Ll div(on) + d(yn) = fllL2-

We applied this technique to compute bounds of the residuals for the state and adjoint equations as well
as for the linearized equations appearing in the eigenvalue problem associated to f”.

4.2. Identification of coefficient in the main part of elliptic equation. Let us verify the
assumptions for the optimization problems involving parameters in the differential operator. To this end,
let disjoint, measurable sets }; C Q be given, ¢ =1...n, with Q = U?:l ;. In order to make the resulting
differential operator coercive the lower bound on the coefficients is a positive number, u,; = 7 > 0. Upper
bounds are taken into account as well.

We set V' = H () with norm [|y|[3 == [[Vyl[72 (o) + |lyll72()- The mapping E is now defined as

(E(y,u), v) = Zuz /Q. (Vy - Vv —gv) dz.

Here, g € L?(Q) is a given data function. With this definition, we have that the differentiability require-
ments of Assumption 1 are met. The following lemma states that also the strong monotonicity as well as
Lipschitz continuity conditions of Assumptions 1 and 4 are fulfilled.

LEMMA 4.1. Letu € Uyq and y € Y be given. Then it holds

Ey (yv ’LL) S 571
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with 6 = 7, which is the lower bound on the parameters. Moreover, we have that the inequalities (3.5a)—
(3.5d) of Assumption 1 hold with

cg = max(||y" |y, |lunllv + R), cg, =cg, =1, cpr=0.

In addition, the inequalities || Eu(yn, un)llcw,y+) < lynlly and | E" (yn, un)l|swxy,y+) < 1 are satisfied.

Proof. Let u,up € Uuq, y* € Y be given with |[u — up| < R. Let y = S(u) be the solution of
E(y,u) = 0. At first, let us determine the Lipschitz constant of E:

1E(y,w) — E(y", un)|ly <ZH i = un) VY 2 + 1ui(Vy = Vi) |20
< I\U*UhIIUHy Iy + (lunll + R)lly — "Iy,

so that (3.5a) holds with ¢ := max(||y" |y, |un|lu+R). Let us take z € Y. Since E,(y,u)z = —div(uVz),
it follows that

1By (g, 1) = By (4" un))2lly- < ZII i —un)VzllLz ) < llu = unllollzlly,

which implies cg, = 1. A similar computation gives with v € U

1(Buly, w) = Bu(y" un))olly- <3 10:i(Vy = Vy")lr200) < lly ="y ollo,

i=1

implying cg, = 1. With a similar estimate we immediately obtain || Ey(yn, un)| cw,v+) < llynlly. Since £
is bilinear with respect to (u,y), the second derivative E”(y, ) is independent of (y,u), hence cg» = 0.
More precisely (Eyy (yn, un)[z, w], v)y«y = > i w;i [, Vz2Vu. This implies

n

1Eyu(yn, un)lz, wllly- <Y~ wiVzll L2, < llwllullzly.
i=1

Noting that the second derivatives E,,, Ey, vanish, we obtain || E" (yn,un)|gwxy,y-) < 1.0

4.3. Parameter identification problem. Let us consider the elliptic problem (1.2). We will make
the special choice

= Zuzdz(y)

where d; : R — R are assumed to be twice continuously differentiable, i = 1...n, with the second
derivatives being Lipschitz continuous on intervals [—M, M] for all M > 0. Furthermore, we assume d;
to be monotonically increasing. Here we have in mind to work with d;(y) = y|y|* =2

As a result, we define the nonlinear operator F as

n
E(y,u) = -Ay+ Y uidi(y) — g, (4.1)
i=1
where g € L?() is a given function. In order to make the resulting operator monotonic with respect to
Yy we impose positivity requirements on u, i.e. we set
Uwi={ueR": u; >0 Vi=1...n}.

Due to the choice of functions d;, the operator E is Fréchet-differentiable from H'(Q)NL>(Q) — H~1(Q).
That is we have to work with the framework Y = H}(2), Yoo = L®(Q2) NY. We will use the following
norm in Y [|y[|3 = ||VZJH%2(Q) + HyH%Z(Q)'
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4.3.1. Lipschitz estimates. At first, let us consider the Nemyzki (superposition) operators induced
by the functions d;. For simplicity, we will denote them by d;, too.

LEMMA 4.2. The Nemyzki operators d; are twice Fréchet-differentiable from L>(Q) to L*°().
Moreover, we have

di(y) — di(y h)HLP(Q) < @;(ma (||y||L°°(Q)7 HthLoc(Q)))Hy - yh”LP(Q)a
Hd’(y) di( h)HLp(Q) < @; i(ma (”y”L‘X’(Q)v HthLw(Q)»Hy*thLP(Q),
1 () — & (")l Lo (@) < 7 (max(||yll L (@)s 19" L@y = ¥ @)

for all y,y" € L=(Q), p € [1,+00]. Here we used the functions

(M) = d OL(M) = d?
(M) L |d; ()|, @5 (M) Ie[r{l%;fmlz(w)l,

and ®7(M) denotes the Lipschitz modulus of d on the interval [—M,M], i.e. |df(z1) — d](z2)] <
O (M)|z1 — 2| for x1,29 € [—=M, M].
Proof. Due to the assumptions on the functions d; the Nemyzki operators d; are twice continuously

Fréchet differentiable. By the mean value theorem, we have |d;(z1) —d;(x2)| < ®;(max(|z1], |z2|)) |21 — 22|
for all x1,z2 € R. Hence,

Idi (y) = di(y") | oy < Pi(max((lyll <oy, 14" |L=@))ly = " | o).

With analogous arguments we obtain the estimates for the derivatives of d;. O

In order to prove Lipschitz estimates of E, we need Lipschitz estimates and global bounds for solutions
of the equation E(y,u) = 0. Let us denote norm of the embedding H}(Q) < LP(Q2) by I, if such a
continuous embedding exists.

LEMMA 4.3. Let u € Uygq, y € Yoo be given. Then it holds

18, (s W)l v vy <0

with 6 = 1 — I3.

Proof. This follows from the fact that dy(u;y) € L>(£2) as well as u is non-negative and from the
simple inequality [[VylZ2q) = I3 = ylZ2q) = (1= 13)lly[5- O

LEMMA 4.4. Let E: Y x R™ — Y™ be given as in (4.1). Let u € U,q be given. Then it holds for
y = S(u) being the solution of E(y,u) =0

[Ylloe ) < Mre<|lgllL2) + Mu,zo< [lullv
with
My~ = 47— |Q|1/6 My oo = M| QY23 |di(0)[*)1/2.

i=1
Proof. Due to Stampacchia [16], we have the estimate
[yllzoe() < Mpe (|9||L2(Q) )l - ||di(0>|L2(Q)>
i=1
with Mpe = 4—L|Q|1/6 computed in [14]. O
LEMMA 4.5. Let w,up € Ugg, |u—un|ly <R, y=S(u) € Yoo and y" € Yo be given. Then it holds

1E(y,u) — EQ" un)lly+ < ca(ly™ —ylly + llu — unllv)

with
cg = max (1+ I3||®(un, y", R)[lv([unllo + R), Llldy™)v),

(Z ldi (5™ )72 0 )1/2

n 1/2
1@ (un, y", B)v = (Z ;i (max(ly" [l (0), Mrs + My (R + IIUhIIU)))> :

where we used the abbreviations

ld(y™)v -

i=1
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This implies inequality (3.5a).
Proof. The claim follows from the splitting

widi (y) — un,idi (y") = (wi — una)di(y™) + ui(ds(y) — di(y™))
and applying Lemma 4.2. E.g. we have using the embedding Y — L?(Q)
luildi(y) = di(y") Iy < I3|ui] - @i(max(||yl| L= (ays 19" o))y — "Iy

Applying the L*°-bound given by Lemma 4.4 finishes the proof. O
LEMMA 4.6. Let u,up, € Uug, |[u—unllv < R, y = S(u) € Yoo and y" € Yoo be given. Then the
inequality (3.5b), i.e.

1By (y,w) = Ey(y" un)l cviy+y < e, (19" = ylly + llu = unllv),
18 fulfilled with
cg, = max (I5(|9 (un,y", R)llu(lunllv + R), I31d' (") lv) ,

where we used the abbreviations

' (5"l -

n 1/2
(Z ||d§(yh)||%3(n)>
i=1

n 1/2
(Z @} (max(|[y" || Lo (), Mo + My,z=(R + IIUhllU)))> :

i=1

19" (un, y", R)|lv -

Proof. The proof is analogous to the proof of the previous Lemma 4.5. O
LEMMA 4.7. Let u,up € Ugg, ||u —unllv < R, y = S(u) € Yoo and y" € Yo be given. Then the
inequalities

| Eu(y, u) = Eu (", un)ll e,y < ce,lly™ = ylly,
| Byu(y,w) — Eyu (¥ un)lle(view vy < ceylly™ — ylly
are fulfilled with
cg, =13 ®(un, y", R)|lu(|unllv + R),
cg,, = L|® (un,y", R)|lu(unllv + R),

where we used the notation of Lemmata 4.5 and 4.6. This gives (3.5b).
Proof. Let w € U be given. By construction, we have E,(y,u)w = Y i, w;d;(y), which obviously
implies (Ey,(y,u) — By (y", up))w = 37 wi(di(y) — di(y"). Using Lemma 4.2, we obtain

1(Euly, w) = Eu(y", un))wlly- < [[wlv]|®smax(llyl (), 19" =@y =" lly-

The claim follows with the same argumentation as in the proof of Lemma 4.5. By analogous considerations
we obtain the Lipschitz estimate for E,,. O

LEMMA 4.8. Let u,up, € Uug, |[u—unllv < R, y = S(u) € Yoo and y" € Yoo be given. Then the
iequality

I Eyy(y,u) = Eyy (v, un)l8eviy+) < ey, (19" = ylly + lu—unllo),
18 fulfilled with
cg,, = max (I{[|®" (un,y", R) v (lunllv + R), IF|1d" (y")|lv) ,

where we used the abbreviations

" (")l

n 1/2
(Z IIdQ’(y")II%z;(Q))
i=1

n 1/2
19" (un, y", Bl = (Z 7 (max([ly" ||y, Moo + My, (R + IIUhIIU)))> :

i=1
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Proof. The proof is analogous to the proof of Lemma 4.5. O
COROLLARY 4.9. Let u,up, € Uyg, ||u —unllv < R, y = S(u) € Yoo and y" € Yoo be given. Then the
inequality (3.5d), i.e.
1B (y,u) = B" (4" un) | swxvy+) < e (ly" = ylly + llu = unv)
s satisfied with
CEr = CB,, + CE,,
where cg,, and cg,, are given by Lemmata 4.7 and 4.8, respectively.

Proof. The constant cg» can be determined as the spectral norm of the matrix < CByy CEOW >
Eyu

The largest eigenvalue of this matrix is given by % (cEyy + 4 /CQEW + 402Eyu) < cg,, + cg,,, which gives
the bound cg~. O
Let us close these considerations with stating the Lipschitz constants for the choice dy = 1, d; =
y|y|*=2 for i > 2. Special care has to be taken as d3 = y|y| is not twice continuously differentiable. If we
restrict all the considerations to positive values of y, then the previous results still hold.
COROLLARY 4.10. Let the functions d; be given by di = 1, d; = y|y|*~2 fori =2...n. Then we have
®;(M) = (i —1)M"?
(M) = max(0, (i —1)(i —2)M"3)
(M) = max(0, (i —1)(i —2)(i —3)M"™*) i #£3.
If y,y" € Y are non-negative then the claims of Lemma 4.8 and Corollary 4.9 are true with ® (M) =
max(0, (i —1)(i —2)(i —3)M*™*) fori=1...n.
LEMMA 4.11. It holds

1" (yn, un) 8w xy.y=) < D, (1311 (yn)ll oo + ToT7unilldy (yn) || o) -
i=1
Proof. Let (w,z) € U x Y. The following estimates hold

1Eyu(yn, un)lw, 2y < D lwidi(yn)zlly- < 13 lldi(yn) | [ wllul|=ly,

i=1 i=1
n n
1By (s un)z: 2y <Y lunadf (yn)lz: 2y < T213 ) unlldf (yn)ll o< 1213
i=1 i=1
Since the second derivative of E with respect to u vanishes, the claim then follows from the inequality
IE" (yn, un) | swxv,y+) < 1 Eyyn, wn)ll ey xv,y+) + 1 Eya(yn, un) ||l c@sy,y+)- O

4.4. Numerical results. Let us report about the outcome of our numerical experiments. The
first example is concerned with the optimization of coefficients in the main part of the operator, see e.g.
section 4.2.

Let us comment briefly on the computation of the safety radius R, which appears severally in the
previous sections. An adaptive procedure was employed. Starting with an initial guess R = 0, the control
error bound 4 was computed according to Corollary 2.3. If r; > R the safety radius R was updated as
R := 0r, with 8 = 1.01. The computation of r was then repeated until the condition ry < R is fulfilled.

Example 1. The domain was chosen as = (0,1)2. The domain was split into four subdomains
Q1 = (0,0.5)%, Qs = (0,0.5) x (0.5,1), Q3 = (0.5,1) x (0,0.5), Q4 = (0.5,1).
The problem data was given as
g = 0.1, up = +00, £ = 1071, ya(xy,22) = (1 — 21)*(1 — z3)z123.

We solved the discretized problem on a sequence of uniformly refined grids. The solution vector on
the finest grid was computed to

ap = (0.8047, 0.8062, 0.8020, 0.8047).
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As can be seen, the inequality constraints are not active at %y, hence A = (.

The results for the verification process are shown in Tables 4.1 and 4.2. As can be seen from the
second column of Table 4.1, the discrete sufficient optimality condition is satisfied on all grids, as a, is
uniformly positive. However, f”(uyp,) is only positive definite for the grids with h < 0.0177 as the error
|€]]2 is larger than aj, on the coarser grids. But since ||€]|2 decays like h? the condition o = v, — ||€]|2
eventually is satisfied. In this example, we see that as soon as the bound « is positive, the conditions of
Theorem 3.22 are satisfied, and hence an error estimate ||@ — up||y < r4 is available. This includes the
statement that we are able to verify the existence of a local solution of (P) in the neighborhood of wy,.
Moreover, the error bound r; decays with k2, which is expected, since 7, < 2a/e holds and ¢ tends to
zero with the rate h2, as can be seen Table 4.1.

h ap, II€l2 ! € Ty
0.0707 1.4644-10~"' 8.0093-10"! —6.5449-10"! 3.1342-1072 —
0.0354 1.4644-10-' 2.1288-10"! —6.6443-10"2 8.3960-10"3 —
0.0177 1.4644-10"' 5.6723-1072 8.9718-1072 2.2376-1073 4.9880- 102
0.0088 1.4644-10"' 1.5054-10"2 1.3139-10~" 5.9291-10"* 9.0255-1073
0.0044 1.4644-10"' 3.9754.1073 1.4247-10Y  1.5627-10* 2.1938-.1073

TABLE 4.1
Ezample 1: verification results, a, €, r4

For convenience, we also report about the other quantities involved in the verification process, namely
the Lipschitz constants of the reduced functional f. As can be seen in Table 4.2, the Lipschitz constants cs
and cy~ as well as the bound My~ are bounded uniformly for all discretizations. They are monotonically
decreasing due to their computation, which is the expected behavior in the light of the derivation in
Section 3. Of course, all these constants are expected to be bounded away from zero.

h €f Cyr Cyr My
0.0707 3.1342-10~2 8.3591 1.7697 - 102 5.3334
0.0354 8.3960-10"% 8.1958 1.7307-10%2 5.0768
0.0177 2.2376-107% 8.1519 1.7203-10%2  5.0081
0.0088 5.9291-10"* 8.1402 1.7175-10%2  4.9897

0.0044 1.5627-10"% 8.1371 1.7167-10%2  4.9848
TABLE 4.2
Ezample 1: verification results, Lipschitz constants

4.4.1. Example 2. Let us present the results of the computations for a problem similar to Example
1, but with changed parameters

x

N

21
5+

)

g = 0.4572, up = 400, k=10"1, ya(x1, x2) = sin(15z122)e
The discrete solution was computed to
ap = (0.4572, 0.7669, 0.7780, 0.8871).

As one can see, the inequality constraint u,,; < up is active, giving rise to the choice A = {1} of the
active set.

h ap, II€l2 ! € Ty
0.0707 1.3108-10~% 1.0209 —8.8984-10~! 6.2166-10~2 —
0.0354 1.3107-10"! 2.7589.10"! —1.4482-10~! 1.6510 1072 -
0.0177 1.3107-10~! 7.8072.-1072 5.2997-1072 4.4240-107% 1.6695 101!
0.0088 1.3107-10"! 2.4100-10~2 1.0697-10~t 1.2418-1072% 2.3217-1072
0.0044 1.3107-10"! 8.5596-1073 1.2251-10~1 3.8949-10~* 6.3585-1073

TABLE 4.3
Ezample 2: verification results, a, €, r4

Table 4.3 depicts the computed error bounds for different mesh sizes h. Similar to example 1, the
discrete sufficient optimality condition «y, > 0 is satisfied for all meshes, while the positive definiteness of
f"(up) can be proven only for fine meshes. As in example 1, we get the convergence of € and 7, like hZ.
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h o €fr o o—cpry
0.0707 1.1202-10=2 6.2166-10"2 —5.0964-10~2 —
0.0354 1.1206-10"2 1.6510-10"2 —5.3042-1073 -
0.0177 1.1207-10"2 4.4240-1073 6.7826- 1073 —1.9550
0.0088 1.1207-102 1.2418-1073 9.9649-1073 —2.6231-10""

0.0044 1.1207-1072 3.8949-10~* 1.0817-1072 —6.3714-1072
TABLE 4.4
Example 2: verification results, strongly active constraints

Now, let us have a closer inspection of the results with respect to the strongly active inequality
constraints, the associated numbers can be found in Table 4.4. As can be seen, the active constraints
are strongly active for the discrete problem, i.e. o5, > 0. Moreover, they become strongly active for the
continuous problem too, as ¢ is positive for the fine meshes. However, we were not to be able to verify
that the constraints are active at the solution of the continuous problem, too. This would require to find
o —cpry > 0, which was not the case in our computations. We expect, that this condition will become
true for even finer discretizations, since o and cy/ converge to some fixed positive value, while r; decays
for uniform refinement. For the Lipschitz constants of f we observe a similar behavior like in Example
1, see Table 4.5.

h Cf/ Cf// Mf//
0.0707 1.2160- 107! 2.7978-1072 1.4084-10T!
0.0354 1.1836-10%t! 2.7135-1072 1.3347-10*!
0.0177 1.1750-10%tY 2.6911-10%2 1.3152-10*!
0.0088 1.1728-10%tY 2.6852-1072 1.3100-10*!
0.0044 1.1721-10%tY 268361072 1.3086-10*!

TABLE 4.5
Ezample 2: verification results, Lipschitz constants

Example 3. For the identification problem as analyzed in Section 4.3, the following choices were
made

Q=(0,1)% uy = —00, up = 0.5, k = 1072, yg(x1,22) = 0.5sin(272122).
The discrete solution was computed to
ap = (0.5000, 0.2640, 0.1363, 0.0750),

which necessitates the choice A = {1}.
The computed bounds and constants can be found in Tables 4.6 and 4.7. As can be seen from Table
4.6, the verification assumptions were satisfied already on the coarsest mesh.

h ap, I€]]2 ! € Ty
0.0707 9.9631-10~3 4.7558-103 5.2073-10~3 5.3201-10-%* 2.0433-107!
0.0354 9.9631-10~% 1.2338-1073 8.7293-10"3 1.3759-10"* 3.1523-102
0.0177 9.9631-10% 3.2033-10"* 9.6427-10"3 3.5641-107° 7.3924-10"3
0.0088 9.9631-10~% 8.3029-10"° 9.8800-10"3 9.2241-10"% 1.8672-1073
0.0044 9.9631-107% 2.1468-10"° 9.9416-10"% 2.3825-10"6 4.7931-10*

TABLE 4.6
Ezample 3: wverification results, a, €, r4

Before discussing the observed behavior with respect to decreasing mesh-size, let us turn to the
inspection of the results for one fixed discretization. For h = 0.0177, we obtained the fulfillment of
Assumption 3 with ¢ = 7.0463- 107, € = 3.5641 - 1075, and a = 9.6427-10~3. The corresponding values
of ¢y» and ¢y~ can be found in Table 4.7. By Theorem 3.22, there exists an optimal control @ in the
neighborhood of the discrete solution @; with

@ —up|lo < 7.3924-1072,
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The safety radius was adaptively computed to R = 7.5-1073. Hence the assumption r, < R in Theorem
2.2 is fulfilled. Furthermore the condition (2.16) is satisfied with o — cpry, = 2.5434- 107! > 0, which
implies up, = 4, on the active set A. Additionally, we have that the second-order sufficient optimality
condition is fulfilled with

(@), v] > 3.5291- 104 ||v||?

for all v € U with v|4 = 0.

h cyr cpr o—cpry o —cpiry
0.0707 5.0265-102 2.7562-10"' —1.0063-10"2 —5.1112-102
0.0354 4.8313-102 2.5972-10"' —9.2030-10~4 5.4221-10~*
0.0177 4.7579-102 2.5434-10"'  3.5291-10~4 7.7625- 1073
0.0088 4.7278-10~2 2.5238-10"'  6.4277-10~4 9.4088 - 10~3
0.0044 4.7144-10"2 2.5159-10"'  7.1530-10* 9.8210-1073

TABLE 4.7
Ezxzample 3: verification results, Lipschitz constants

Similar as in the previous examples, we observe a convergence rate r, ~ h2. Moreover, for fine grids,

we find that the sufficient second-order condition is satisfied at the still unknown local solution @ of (P).
First, the inequality constraints are strongly active at @ on A, see the column ’o — cpr4” in Table 4.7,
which contains an estimate | f'(@);| > o — ¢pr4 for ¢ € A. And second, also f”(@) is positive definite, as
we have the lower bound f”(@)[v,v] > (a — cfrry)||v]|F for v =0 on A, where a — cgvry can be found
in Table 4.7 as well.
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